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Abstract. The critical group of a graph is a finite abeUan group whose order is the 
number of spanning forests of the graph. This paper provides three basic structural 
results on the critical group of a line graph. 

• The first deals with connected graphs containing no cut-edge. Here the number of 
independent cycles in the graph, which is known to bound the number of generators 
for the critical group of the graph, is shown also to bound the number of generators 
for the critical group of its line graph. 

• The second gives, for each prime p, a constraint on the p-primary structure of the 
critical group, based on the largest power of p dividing all sums of degrees of two 
adjacent vertices. 

• The third deals with connected graphs whose line graph is regular. Here known 
results relating the number of spanning trees of the graph and of its line graph are 
sharpened to exact sequences which relate their critical groups. 

The first two results interact extremely well with the third. For example, they imply 
that in a regular nonbipartite graph, the critical group of the graph and that of its line 
graph determine each other uniquely in a simple fashion. 
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1. Introduction and main results 

The critical group K{G) of a graph G is a finite abelian group whose order is the number 
k(G) of spanning forests of the graph. One can define K{G) in several ways, closely related 
to the cycle and bond spaces of the graph, the graph Laplacian, as well as a certain chip-firing 
game that is played on the vertices of the graph and is called the abelian sandpile model 
in the physics literature. The interested reader can find some of the standard results on 
K{G) in [1, 4] and [8, Chapter 13]. Some of this material is reviewed in Sections 2 and 3 
below, along with unpublished results^ from the bachelor's thesis of D. Treumann [18] on 
functoriality for critical groups. 

The critical group K{G) and its relation to the structure of the graph G remain, in 
general, mysterious. The goal of this paper is to compare the structure of the critical group 
of a simple graph (that is, a graph having no multiple edges and no loops) with that of 
the critical group of its line graph. Recall that for a graph G = {V,E), its line graph 
line G = (Mine Gi-E'iino g) has vertex set Viinc g E, the edge set of G, and an edge in 
^'lino G corresponding to each pair of edges in E that arc incident at a vertex. Our main 




Figure 1. A graph G and its line graph line G with G underlayed. 

results say that, under three different kinds of hypotheses, the structure of (line G) is not 
much more complicated than that of K{G), as we now explain. 

1.1. The hypothesis of no cut-edge. It is well-known, and follows from one of the def- 
initions of K{G) in Section 3, that the number P{G) of independent cycles in G gives an 
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upper bound on the number of generators required for K{G); that is, 

/3(G) 

(1) K{G) = Z,, 

where denotes the cychc group Z/dZ {not the d-adic integers), and the di are positive 
integers (some of which may be 1). Our first main result asserts that the same bound on 
the number of generators holds for A'(linc G) when one assumes that G is 2-edge-connected, 
that is, G is connected and contains no cut-edge. 

Theorem 1.1. When the simple graph G is 2-edge-connected, the critical group K{\me G) 
can be generated by p{G) elements. 

Note that one needs some hypothesis on the graph G for this conclusion to hold. For ex- 
ample, a star graph Ki^n (= one vertex of degree n connected to n vertices of degree one) 
has P{Ki^n) = 0. However, its line graph is the complete graph Kn and thus, according 
to Proposition 3.2 below, has critical group i^(line Ki^n) = ^""^i requiring n — 2 genera- 
tors. Theorem 1.1 is proven in Section 4, using a useful presentation of A'(linc G) given in 
Section 3.2. 

1.2. The hypothesis that degree sums of adjacent vertices are divisible by p. As 

Kilme G) is a finite abelian group, its structure is completely determined once one knows, for 
each prime p, the structure of its p-primary component or p-Sylow subgroup Sylp(Ar(line G)). 
Section 5 below proves the following stringent constraint on this p-primary structure, based 
on the largest power k{p) such that p'^'^P^ divides all of the sums degQ(w) -I- degQ{w) as one 
runs through all edges e = {v,w} in the edge set E of G. Here degQ{v) is the number of 
edges of G with v as an endpoint; it is the degree of the vertex v. 

Theorem 1.2. Let G = {V,E) be a connected simple graph that contains at least one cycle 
of even^ length. Use the abbreviated notation K := A'(line G), and let p be a prime for 
which the quantity k(p) > 1. 
Then for G bipartite, one has 

i^//(f)/f-z;;fS-^©Zg,d(pMvi), 

while for G nonbipartite, one has 

{0 if p is odd, 

Zl ifp = 2 and \V\ is even, 

^4 */P = 2 and \V\ is odd. 



1.3. The regularity hypothesis. Our third class of main results deals with the situation 
where line G is regular, that is, all its vertices have the same degree. Say that a graph is 
d-regular if all of its vertices have degree d. It is an easy exercise to check that, for connected 
graphs G, one has line G regular only in these two situations: 

• G itself is d-regular. In this case, line G will be {2d — 2)-regular. 

• G is bipartite and {di,d2)-semiregular, meaning that its vertex bipartition V = 
Vi U V2 has all vertices in Vi of degree di for i = 1,2. In this case, line G will be 
{di + d2 — 2)-regular. 



^This even length cycle need not be minimal. For example, a connected graph with two cycles Ci , C2 
of odd length will also contain a cycle of even length that traverses Ci, follows a path from Ci to C'2, then 
traverses C2 and follows the same path back to Ci . 
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Two classical theorems of graph spectra explain how the the numbers of spanning trees n{G) 
and K(line G) determine each other in this situation. The first is due originally to Vahovskii 
[19] and later Kelmans [11], then rediscovered by Sachs [7, §2.4], while the second is due 
originally to Cvetkovic [in, §5.2] (see also [14, Theorem 3.9]). 



Theorem. Let G be a connected graph with line G regular. 
(Sachs) If G is d-regular, then 

(2) At(line G) = d^^^^^^ ^m) ^(g). 
(Cvetkovic) If G is bipartite and (di, d2)-semiregular, then 

(3) ,(hne G) = ^^^^ (^-j .(G). 

These results suggest a close relationship between the critical groups K{G) and K{\mc G) 
in both of these situations. 

1.3.1. Regular graphs. We focus first on such a relation underlying Sachs' equation (2), as 
here one can be quite precise. 

The occurrence of the factor 2'3(^) k(G) within (2) suggests consideration of the edge 
subdivision graph sd G, obtained from G placing a new vertex at the midpoint of every edge 
of G. It is well-known that 

(4) K(sdG) = 2^(^) k(G) 

due to an obvious 2'^('^)-to-l surjective map from the spanning trees of sdG to those of G. 
Underlying this relation, Lorenzini [12] observed that the critical groups if (sd G) and K{G) 
also determine each other in a trivial way: K{G) has the form given in (1) if and only if for 
the same positive integers di, (i2, • ■ • , rf/3(G) one has the following form for if(sd G): 

/3(G) 

(5) K(sdG) = 0Z2d,. 

1=1 

See Proposition 3.2 below. In light of (4), one might expect that equation (2) generalizes 
to a short exact sequence of the form 

(6) -> Zf^'^'^ A'(line G) ^ K{sAG) 

where denotes a cyclic group of order d. This is never far from the truth. After reviewing 
and developing some theory of critical groups and their functoriality in Sections 2 and 3 
below, we use functoriality to prove the following result in Section 6. 

Theorem 1.3. For any connected d-regular simple graph G with d > 3, there is a natural 
group homomorphism f : /v(linc G) — > ^(sdG) whose kernel- cokernel exact sequence takes 
the form 

^ Z|^^^'"^ e G ^ X(line G) A K{sdG) ^ G ^ 
in which the cokernel G is the following cyclic d-torsion group: 

if G is non-bipartite and d is odd, 
G = ^ Z2 if G is non-bipartite and d is even, 
"^d if G is bipartite. 
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It turns out that Theorems 1.1 and 1.2 interact very well with Theorem 1.3. When G 
is a d-regular simple 2-edge-connccted graph, Theorem 1.1 implies that KiYnve G) needs 
at most /3(G) generators, while Proposition 3.2 implies that K{sdG) requires at least /3(G) 
generators, forcing i4r(line G) to require either /3(G) — 1 or /3(G) generators. This shows that 
the exact sequence in Theorem 1.3 is about as far as possible from being split, and gives it 
extra power in determining the structure of KiVmc G) given that of K{G) (and hence also 
iC(sdG)). 

Even more precisely, it will be shown in Section 7 that when G is both c?-rcgular and 
nonbipartite, Theorems 1.2 and 1.3 combined show that K{G) and iir(line G) determine 
each other uniquely in the following fashion. 

Corollary 1.4. For G a simple, connected, d-regular graph with d > 3 which is nonbipartite, 
after uniquely expressing 

0(G) 

K{G) ^ Id, 

i=l 



with di dividing di+i, one has 

//3(G)-2 

K{\me G) - Z^m, 



i=i 



t/MG) for \V\ even, 
^4d^(G)-i ®^rff)(G) for \V\ odd. 



1.3.2. Semiregular bipartite graphs. Section 8 uses functoriality to prove the following result 
analogous to Theorem 1.3 and suggested by Cvetkovic's equation (3). 

Theorem 1.5. Let G be a connected bipartite {di, d2)-semiregular graph G. Then there is 
a group homomorphism 

X(line G) 4 K{G) 
whose kernel- cokernel exact sequence 

(7) ker(5) -> K{Yuic G) 4 K{G) coker(5) ^ 

has c6kcv{g) all lcni{di, d2)-torsion, and has kcr{g) all -^^!^^j^^j;^\cin{di,d2) -torsion. 

Note that this result describes the kernels and cokernels less completely than Theorem 1.3. 
Section 8 discusses examples illustrating why this is necessarily the case. 

Section 9 illustrates some of the preceding results by showing how they apply to the 
examples of complete graphs and complete bipartite graphs, as well as the 1-skeleta of 
d-dimensional cubes and the Platonic solids. 

2. Some theory of lattices 

This section recalls some of the theory of rational lattices in Euclidean spaces and their 
determinant groups, along with functoriality and Pontrjagin duality for these groups, bor- 
rowing heavily from Bacher, de la Harpe, and Nagnibeda [1] and Treumann [18]. In the 
next section, these constructions will be specialized to critical groups of graphs. 

2.1. Rational orthogonal decompositions. Consider R"' with its usual inner product 
(•,•) in which the standard basis vectors ei,...,em are orthonormal. The Z-span of this 
basis is the integer lattice Z™. 

Definition 2.1. A rational orthogonal decomposition is an orthogonal R- vector space de- 
composition of M'" = © in which are R-subspaces which are rational, that 
is, spanned by elements of Z™. 
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Example 2.2. The main example of interest for us will be the following, discussed further 
in Section 3. If G = {V, E) is a graph with \E\ = m, then the space of 1-cycles together 
with its orthogonal complement, the space of bonds or 1-coboundaries, give a rational 
orthogonal decomposition ^ K™ = B^(BZ^. Here one must fix an (arbitrary) orientation 
of the edges in E in order to make the identification = IR™. In the remaining sections, the 
basis element of corresponding to an edge {u, v} of G oriented from u to u will sometimes 
be denoted e and sometimes {u,v), with the convention that {v,u) = —{u,v) = — e in M^. 

An r-dimensional rational subspace A"^ C M™ inherits the inner product (•, •). The space 
A"^ contains two lattices of rank r, namely A := A* n Z™ and its dual lattice 

A* {a; G A" : {x, A) £ Z for aU A e A}. 

Since (A, A) C (Z'",Z™) = Z, one has an inclusion A C A^. Their quotient is called the 
determinant group 

dct(A) := A#/A. 

Given a rational orthogonal decomposition M™ = © Z^, one obtains two determinant 
groups det(_B), det{Z), which turn out to be both isomorphic to what we will call the critical 
group 

K := Z"V(S ® Z) 

of the rational orthogonal decomposition. Indeed, if 1:3, i^z denote the orthogonal projec- 
tions from onto i?"^, Z^^ then these maps turn out to give rise to surjections from Z™ 
onto B'^ and Z"^ , respectively, and which induce isomorphisms (see [ I , Proposition 3]) 

det(B) ^ if ^ det(Z) 

B*/B ^ Z'-^/iBQZ) Z*/Z. 

One can compute the critical group K very explicitly as the (integer) cokernel of sev- 
eral matrices, for example via their Smith normal form. If the lattices B, Z have Z-bases 
{&i, . . . , 6q,}, {zi, . . . , Zfi\ then let Mb, Mz, Mbbz be matrices having columns given by 
{bz}f^i, {bi]f=i U {zjlf^i, respectively. The Gram matrices M^^Mb, M^Mz ex- 

press the bases for B, Z in terms of the dual bases for _B*, and hence 

K = IT^I{B ®Z)^ cokerA'/sez, 
= B*/B = coker(Af|,MB), 
Z*/Z = cokcr(A4Mz). 

2.2. Functoriality. Suppose that one has two rational orthogonal decompositions R™* = 
Bf © Zf for i = 1,2, and an R-lincar map / : When does / induce a 

homomomorphism / : Ki K2 between their critical groups? 

It is natural to assume that / carries the integer lattice Z™^ into Z™^, that is, / is 
represented by a matrix in 2™2xmi^ Note that this already implies that the adjoint map 
jt . ]jm2 _^ ]^mi ^ii-i^ respect to the standard inner products will also satisfy /* (Z™^ 
since this map is represented by the transposed Z™"^^™^ matrix. 

What one needs further to induce homomorphisms of critical groups is that f{Bi) C B2 
and f{Zi) C Z2. The following proposition gives a useful reformulation. 

Proposition 2.3. For a linear map f : R™i ^ M'"^ satisfying /(Z"i) C Z'"^ one has 

/(Bi) C ^ f{Z2) CZi^ f{Zi) C zf 
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Proof. All of the implications follow using the adjointness of /, /* with respect to the pairings 
along with the definitions of Bf, zf and the fact that Bi = Z^. □ 



When a linear map / : M™^ — >■ M™^ satisfies all of the conditions in the previous propo- 
sition, we say that / is a morphism of rational orthogonal decompositions. It is clear that / 
then induces a homomorphism Ki — > K2 between the critical groups, denoted here also by 
/• 

Note the following property of such maps / for future use. 

Proposition 2.4. Any morphism f : M™i — > K.™^ of rational orthogonal decompositions 
intertwines the projection maps onto either Bf or Zf. That is, the following diagram 
commutes: 

(8) R™i -^-^ 



1 j:t 2 

and the same holds replacing Bi by Zi everywhere. 
Proof. Given xx G M™i and hi £ Sf , note that 

(7rB,(/(xi)),62) = (/(x-l),62) - (xi,/*(62)) = (^Bi(xi),/*(62)) = (/(^Bi(xi)),&2). 

Since this equality holds for any test vector 62 G -Bf, one concludes that -KB^i.f {,^1)) = 

/(^B,(xi)). □ 

2.3. Pontrjagin duality. Every finite abelian group K is isomorphic to its Pontrjagin dual 

K* :=Homz(A',Q/Z). 

This isomorphism is not, in general, natural (although the isomorphism K = K** is). 
However, for critical groups K = Z"Y(-B © Z) associated with a rational orthogonal decom- 
position, the isomorphism comes about naturally from the pairing 

Z™ X Z" ^ Q 
{x,y) (7r(a::),7r(y)) 

where tt is either of the orthogonal projections ttb or tt^. This induces a pairing 

(■,■) : A'x A-^Q/Z 

which is nondegenerate in the sense that the following map is an isomorphism: 

K -> Homz(A-Q/Z) {= K*) 
^ ' X ^ {x, •). 

Pontrjagin duality is contravariant in the following sense. Given a homomorphism / : 
ATi — !■ Ar2 of abelian groups, there is a dual morphism /* : A'2 ^ -^^1 given by f*{g) — go f. 
The next proposition asserts that this duality interacts as one would expect with morphisms 
of rational orthogonal decompositions. 
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Proposition 2.5. For a morphism f : IR™^ — > M"'^ of rational orthogonal decompositions, 
Pontrjagin duality identifies /* with f* , in the sense that the following diagram commutes: 

(10) K2 — ^ Ki 



la — ^ iq 

r 

Here the vertical maps are both Pontrjagin duality isomorphisms as in (9). 

Proof. Unravelling the definitions, this amounts to checking that if Xi G Z™' for i = 1,2, 
then one has (/*(a;2),xi) = {x2,f{xi)). □ 

This last proposition has a useful consequence. 

Corollary 2.6. For a morphism f : M™i — S> M'"^ of rational orthogonal decompositions, the 
maps induced by /, /* on critical groups satisfy ker(/)* = coker(/*) and coker(/)* = ker(/*). 

Proof. Pontrjagin duality generally gives ker(/)* = coker(/*) and coker(/)* = ker(/*), so 
this follows from Proposition 2.5. □ 

3. The critical group of a graph 

This section particularizes the discussion of critical groups from the previous section to 
the context of Example 2.2, that is, the critical group K{G) for a graph G = {V,E). It 
also recalls how one can use spanning trees/forests to be more explicit about some of these 
constructions, and reviews for later use some other known results about critical groups of 
graphs. Note that we will use the term "spanning tree" when discussing connected graphs 
and "spanning forest" when no connectivity is assumed. 

3.1. Cycles, bonds, Laplacians, and spanning trees. Let G — {V,E) be a graph. 
After picking an orientation for its edges, the usual cellular boundary map from 1-chains to 
0-chains with real or integer coefficients 

Z^ 

is defined M- or Z- linearly as follows: A basis element e corresponding to an edge directed 
from vertex u to vertex v is sent to dcic) = — u. One considers the negative — e of this 
basis element as representing the same edge but directed from v to u, which is consistent 
with 

doi-e) ~ +u - V ^ -daie). 

Elements in the kernel of Z'^ := kerc^c arc called cycles, while elements in the perpen- 
dicular space := imdQ are called bonds. Thus = © Z'^ is a rational orthogonal 
decomposition associated with the graph G = {V, E), and we denote by K{G) the associated 
critical group. 

The lattice B of bonds is known to be spanned by the signed incidence vectors b{Vi, V2) 
of the directed edges that span across a cut (partition) 1/ = Vi U V2 • The lattice Z of cycles 
is known to be spanned by the signed incidence vectors z(C) coming from directed cycles in 
G. 
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If one wants a smaller Z-spanning set for B, one can take the vectors bG{{v},V ~ {v}) 
for cuts that isolate single vertices; this vector V — {v}) is exactly the row vector of 

the 1 1^1 X \E\ boundary map do indexed hy v. To simplify notation, we will write 

bciv) :=5g(W,V^\M) 

for this bond, and we will call it the bond at v in G. In order to select out of this spanning 
set a Z-basis for B, one should omit exactly one vertex from each connected component of 
G. 

Here are a few consequences of these facts: 

(i) The Gram matrix M^Mb corresponding to the above mentioned Z-basis for B 
gives what is usually called a (reduced) Laplacian matrix L{G); the matrix Mb is 
obtained from by removing the columns corresponding to the chosen vertex in 
each connected component of G. As a consequence, one has by Kirchhoff 's Matrix- 
tree Theorem (see, e.g., [20, Theorem 2.2.12]) that 

\K{G)\ =detI(G) =k(G), 

the number of spanning forests in G. 

(ii) (The chip-firing/dollar-game/sandpile/Picard presentations for K{G)) 

Given a connected graph G = {V, E) with boundary map Z-^ ^ Z^, bond 
lattice B := imc?*, and any vertex vq in V, one has an isomorphism 

K{G) ^ coker(M|AfB) 

^ coker(L(G)) 

^Z^\'t''°>/I(G) 

= z^/(zuo + im(aGa^)) 

^ Z"" / {I.VO + daiB)) 

(iii) For any vertex u of G, one has the relation 

{v(^V:{u,v}(^E} 

in K{G) ^Z^/{B® Z). 

(iv) For any directed cycle mq —> ui —!■••■ ^ ue = uq in G, one has the relation 

E(mi,Ui+i) = 

1=0 

in K(G) = Z^/{B® Z). 

Fixing a particular spanning forest T for G allows one to simultaneously construct Z- 
bases of B and Z. Removing any edge e in the forest T creates a new connected component 
in the forest, say with vertex set Ve C V; ranging over all edges e in T, the signed incidence 
vectors 6^ for the cuts V ~ Ve \-i {V — Ve) form a Z-basis for B. Dually, adding any edge e 
in i? — r to T creates a unique cycle in T U {e}; ranging over all edges in E' — T, the signed 
incidence vectors of these cycles form a Z-basis for Z. 
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Figure 2. A graph G and its edge subdivision sdG. 

3.2. A presentation for K{\me G). Proposition 3.1 below gives a useful presentation 
for if (line G) that is an immediate consequence of the last equation in assertion (3.1)(ii) 
above. It wih be used both in the proof of Theorem 1.1 and in the analysis of A'(line Ar„) 
in Section 9.1. 

Let G = {V,E) be a connected simple graph, so that hne G ~ (Viinc d-E'iinc g) is also 
connected. Identify the vertex set Vjinc g of the line graph of G with the edge set E of G. 
After picking arbitrary orientations for the edges of line G, consider the boundary map for 
line G: 

Proposition 3.1. Given a connected simple graph G — {V,E) and any edge Cq in E, one 
has an isomorphism 

if (line G) ^ Z^/(Zeo + ^line G(Blmc g)) 

^ Z^/ (Zeo + Z(aiino G &linc G{e)e£E)) ■ 

3.3. Lorenzini's result on edge subdivisions. The edge subdivision of a graph G is the 
graph sd G obtained by creating a new midpoint vertex called uv for every edge {u, v} of 
G; that is, {u,v} is removed and replaced by two edges {u,uv}, {v,uv} in sdG. In [12] 
Lorenzini first observed that the critical groups A'(sdG) and K{G) determine each other in 
a trivial way, using the description K = Z"^ /Z . If {Gi, . . . ,Cp} is any set of directed cycles 
in G whose incidence vectors {z(Gi)}f^j^ give a Z-basis for Zq, then one can subdivide those 
same cycles to obtain a Z-basis {zsdCi}i=i f'^'" ^sdG- One then checks that 

{zsdc^.ZsdGj) = 2(z(Gj),z(Gj)} 
for each i, j. Hence one has the following relation between their Gram matrices: 
(11) M*dGM,dG = 2M*.MG 

and the following simple relation between their cokernels, the critical groups: 

Proposition 3.2 (Lorenzini [12]). Let G be a graph with j3 independent cycles. Expressing 
K{G) — ®f^i for positive integers di,d2, ■■■ ,dfj > 1, one has K {sdG) ~@^^i'^2di- 

It will be useful later to have an expression of this result in terms of explicit morphisms 
(as was done also in [12]). Consider the pair of adjoint maps defined M-linearly by 

{u,uv) I — > {u,v) 
{uv,v) I — > {u,v) 



{u,v) 



(m, uv) + {uv, v). 
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One can easily check that these are morphisms of rational orthogonal decompositions, 
and hence give rise to a morphism h : K{sdG) — > K{G) of critical groups. The relation 
(11) between the two /3 x (3 Gram matrices shows that the kernel-cokernel exact sequence 
associated to h takes this form: 

— > kcr(/i) — y K{adG) K{G) — ^0 

Proposition 3.2 is equivalent to the assertion that il'(sd G) can be generated by /3 elements 
and fits into an exact sequence of this form, generalizing equation (4) from the Introduction. 

3.4. A non-standard treatment of the complete graph. Let Kn be the complete 
graph on n vertices. A celebrated formula of Cayley asserts that K,{Kn) = n"~^ (see, e.g., 
[8, Section 13.2]). Generalizing this to compute the critical group K{Kn) is a favorite 
example of many papers in the subject. We approach this calculation in a slightly non- 
standard way here, mainly because it will provide us with a crucial technical lemma for 
later use in Section 6.4. 

Proposition 3.3. The complete graph Kn has critical group 

Furthermore, in the presentation K{Kn) = Z^/ {B(BZ), a minimal generating set is provided 
by the images of any set of n — 2 edges which form a spanning tree connecting n — 1 out of 
the n vertices. 

Proof. Since Cayley's formula implies |iir(/-r„)| = |Z"^^|, it will suffice to show that K{Kn) 
is all n-torsion and that it can be generated by n — 2 elements as in the second assertion. 
Let [n] := {1,2,..., ri} denote the vertex set V for Kn. 

To show K{Kn) is all n-torsion, given any directed edge e = (i,j) in Kn, wc will prove 
that n • e is equal to a sum of cycles and bonds. Indeed, wc can take the sum of the directed 
cycles (i, j) -I- (j, k) -t- (fc, i) for fc G [n] — {«, j}, and add the two bonds 

K W, W -{*}) = (*, 1) + 2) + ••■ + (*, n) 

KH - {]}, {]}) = (1, j) + (2, j) + • ■ • + (n,j). 

For the second assertion, let T be a collection of n — 2 edges that form a spanning tree 
connecting n — 1 out of the n vertices. By symmetry, we may assume that n is the vertex 
that is isolated by T. The edges of Kn can be partitioned into two sets, E{Kn-i) and 

Any edge e in E{Kn-i) either lies in T or forms a cycle z{GT,e) that lets one express e 
in terms of the elements of T modulo Z{Kn-i), and hence modulo Z = Z{Kn). 
For each 1 < i < n — 1, the bond 

n 

hi ■='^{i,j) =0 mods, 

and it follows that 

n-l 

(i,n) = -^(i,j) mods. 
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The edges in the sum all belong to Kn-i and thus, according to the previous paragraph, 
can be written in terms of T modulo Z . It follows that (i, n) can be written in terms of T 
modulo B + Z. □ 



4. Proof of Theorem 1.1 

Recall the statement of Theorem 1.1: 

Theorem 1.1. When the simple graph G is 2 -edge- connected, the critical group ^(linc G) 
can be generated by f3{G) elements. 

The /3(G) generators will come from the set of edges in the complement i5\r of a carefully 
chosen spanning tree T for G. 

Definition 4.1. For a connected graph G = {V, E), say that a spanning tree T C E ior G 
has an absolution order in G if one can linearly order the union V UT of its vertices and 
edges in the following way: 

(i) The order begins with a vertex vq in V followed by an edge gq of T, such that eg is 
the unique edge of T incident to vq (so vq is a leaf-vertex of T attached along the 
leaf-edge cq). 

(ii) For every other vertex w in 1/ \ {vq}, there exists an edge e = {v,w} such that w 
occurs earlier in the order than v, and the edge e either lies in E\T or occurs earlier 
in the order than v. 

(iii) For every other edge e in r\ {eo}, there exists a vertex v incident to e which occurs 
earlier in the order than e, and every other edge incident to v either lies in i? \ T or 
occurs earlier in the order than e. 

The relevance of an absorption order for a spanning tree is given by the algebraic con- 
sequence in the following proposition. Say that an orientation of the edges of a tree T is 
bipartite if, for every vertex v, the edges of T incident to v are either all oriented toward v 
or all oriented away from i;. 

Proposition 4.2. Let G = (V, E) be a simple graph, and assume it has a spanning tree 
T C E which has an absorption order in G. 

Then the images of the basis elements in lP corresponding to the edges E\T not lying on 
T give a set of f3(G) generators for K{lme G), using the presentation from Proposition 3.1 

K{\me G) = Z^/ (Zeo + dime ciBune g)) , 

assuming that the orientation chosen for G restricts to a bipartite orientation ofT (although 
line G may be oriented arbitrarily) , and the edge cq is the designated leaf-edge ofT appearing 
second in the absorption order. 

To prove this, note the following crucial lemma: 

Lemma 4.3. When a connected graph G = (V,E) is oriented in a way that restricts to a 
bipartite orientation for a spanning tree T C E, then any edge e — {v,w} has 

bG{v)=±bG{w) mod Ze + Z{E\T)+diincG{BnncG)- 

Proof of Lemma 4-S. Label the edges of G incident to v other than e by 

ei, . . . , Cp, Cp+i, ■ • ■ , ep, 

in T in E\T 
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and those incident to w other than e by 

/l; ■ ■ -jfqi fq+li fq+2 , • ■ • , /q • 
in T in E\T 

With these notations, one then has 

9iino G^iinc G(e) = (ei - e) H h (ep - e) + (/i - e) H K (/q - e) 

= (ei + • • • + ep) + (/i + . . . + /q) - (P + Q)e. 

Because the orientation of G when restricted to T is bipartite. 

&G(i')=±(eiH h Gp) ± Cp+i ± ep+2 ± • • • ± ep 

^^^^ 6gH - ±(/i + • ■ • + A) ± /,+i ± /,+2 ± • • • ± /q. 

Comparison of (12) and (13) shows that one of the two expressions bG{v) + bG{w) or baiv) — 
bciw) differs from dunc chine ci^) by a Z-Unear combination of the edges in 

{e} U {ep+i, ep+2, • • • , ep, fq+iJq+2, ■■■ , /q}. 

Since the second set in the above union hes m E\T, the lemma follows. □ 

Proof of Proposition 4-2. One needs to show that the subgroup of defined by 

/ := Z(_E \ T) + Zeo + dunc g{B\ inc G } 

is all of Z^. Since i? \ T is a subset of /, it is enough to show that every edge e in T lies in 
/. More strongly, one shows by induction on their location in the absorption order for T, 
that not only does every edge e in T lie in /, but also every vertex v in V has bciv) lying 
in /. 

The base case for this induction deals both with the first vertex vq and the first edge Cq, 
which come at the beginning of the absorption order. Since vq is a leaf vertex of T along the 
edge eo, one has &g(vo) in I, since the only edges incident to vq are eo and edges of E\T. 
For the edge Cq, note that it trivially lies in /. 

In the inductive step, the next element in the absorption order is either a vertex v ^ vq 
or an edge e ^ cq. 

If the next element is a vertex v ^ vq, then by Definition 4.1(ii), there exists an edge 
e = {v,w} for which bciw) lies in / by induction, and either e lies in E\T (so that e is 
in I) or e is earlier in the order than v (so that e is in / by induction). Hence Lemma 4.3 
shows that boiv) also lies in /. 

If the next element is an edge e 7^ eo, then by Definition 4.1(iii), there exists a vertex v 
incident to e for which bciv) lies in / by induction. Note that bciv) is a ±1 combination of 
all the edges e' incident to v, and all of these other edges e' ^ e either have e' in £^ \ T (so 
that e' is in /) or e' is earlier in the order than e (so that e' is in I by induction). Hence e 
also lies in /. □ 

To show that 2-edge-connected graphs G always have a spanning tree T with an absorp- 
tion order, we recall the well-known reformulation of 2-edge-connectivity in terms of ear 
decompositions; see e.g., [20, Definition 4.2.7]. 

Definition 4.4. Let G = (V, E) be a simple graph. An ear of G is a walk that alternates 
(incident) vertices Ui and edges e^ 

(14) V := ui, ei, 112, e2, . . . , , e^, ue+i := w 
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Figure 3. Graphs with open and closed ears. 

such that the internal vertices U2, . . . , U£ are each of degree 2 in G. If w ^ ly. it is called an 
open ear (and necessarily i > 1), while if v ~ w, it is called a closed ear (and necessarily 
£ > 3, because G is simple). 

An ear decomposition of G is a decomposition of its vertices and edges 

Po U Pi U • • ■ U Pfe 

such that Po is a cycle, and for 1 < i < /c, Pi is an ear of Pq U Pi U ••• U Pi. 

Proposition 4.5 ([20, Theorem 4.2.8]). A graph is 2- edge- connected if and only if it has 
an ear decomposition. 

In light of Proposition 4.2, the following result implies Theorem 1.1. 

Proposition 4.6. Let G = {y,E) be a simple 2- edge- connected graph. Then G has at least 
one spanning tree T (Z E with an absorption order in G. 

Proof. Induct on the number k of ears in an ear decomposition Pq U Pi U ■ • • U P^ for G. 

In the base case fc = 0, the graph G = Pq is a n-cycle. Label its vertices V = 
{vo, ^"1, • ■ • , '^n-i} and edges E = {eo, ei, . . . , en-i} so that a = {vi,Vi+i} with indices 
taken modulo n. Then one can easily check that T = {eo, ei, . . . , e„_2} is a spanning tree, 
and (uo, eo, wi, ei, . . . , Vn-2, eri-2, Vn-i) is an absorption order for T in G. 

In the inductive step, one may assume that G~ := Pq U Pi U • • • U Pk-i has a spanning 
tree T~ with an absorption order in G~ . Choose the labelling of the endpoints v,w oi the 
ear Pk so that v comes weakly earlier than w in the absorption order for T~ , where the 
vertices and edges of Pk are labelled as in (14). Extend T~ to 

T := U {u2,M3, • • . 

which is easily seen to be a spanning tree for G. One extends the absorption order for T~ 
in G^ to one for T in G by inserting the subsequence 

(15) (u2,e2,W3,e3,'U4,...,Mf,e£) 

into the absorption sequence for in one of two possible locations, depending upon whether 

V and w are the initial vertex vq of the absorption order of T", or not. 

First we assume that Pk is an open ear (that is, v ^ w) ot Pk is a closed ear with 

V = w =^ Vq. In this case, one can check that inserting the subsequence (15) immediately 
after v in the absorption order for T~ in G~ gives an absorption order for T in G. 

In the case that Pk is a closed ear with v = w = vq, one checks that inserting the 
subsequence (15) at the very beginning of the absorption order for T~ in G~ gives an 
absorption order for T in G. Note that 7/2,62 become the "new" wo,eo in this absorption 
order. □ 
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5. Proof of Theorem 1.2 

For a prime p let k{p) be the largest integer such that p'^(p) divides all of the sums 
dcgQ{v) + dcgp(w) as one runs through all edges e = {v,w} in the edge set E of G. The 
goal of this section is to give a proof of Theorem 1.2, which we now recall. 

Theorem 1.2. Let G ~ (V,E) be a connected simple graph that contains at least one cycle 
of even length. Use the abbreviated notation K :~ A'(line G), and let p be a prime for which 
the quantity k{p) > 1. 

Then for G bipartite, one has 

K/p'^P^K = Z^ifj"^ e Zg,d(pMv|), 

while for G nonbipartite, one has 

{0 if p is odd, 
Zl if p ^ 2 and \V\ IS even, 
Z4 if p = 2 and \V\ is odd. 

Proof. One works again with the presentation from Proposition 3.1 

K := K(line G) = Z^/ (Zeo + Z {di,,,, abunc GCe)),^^) 

for some choice of an edge eo in E. Given a vertex v in V, let Sg{v) denote the element of 
Z^ which is the sum with coefficient +1 of the basis elements in Z^ corresponding to edges 
incident with v. Given any edge e = {v,w} in E, reasoning as in equation (12), one finds 
that 

9iino G^iinc G(e) = (5g(«) + Sciw) - (degQ^v) + degQ{w))e. 
Letting q : — p^'^P\ one has therefore in K/qK the relation 

5lino G^linc G(e) = 5g{v) + 5g{w) 

and one can write a presentation for K/qK as 

(16) K/qK = Zf / (Zgeo + Z,((5g(«) + 5G(w^))e={..„}eij) • 

We now make a particular choice of the edge eg for this presentation, and exhibit a subset 
of E having size /3(G) — 2 or /3(G) — 1 which will represent Zg-linearly independent elements 
in K / qK . Because G contains an even-length (not necessarily minimal) cycle, it is possible 
to choose an edge eg in E which lies on a minimal cycle, so that E \ {eo} still connects all of 
F, and so that E \ {eo} contains at least one odd cycle in the case where G is nonbipartite. 
Now, in the bipartite case, pick S C E \ {eo} to be minimal with respect to the property 
that S connects all of V. In the non-bipartite case, pick S to be minimal with respect to the 
following three properties: first, S must connect all of V] second, S must contain a unique 
cycle; and third, this cycle must be of odd length. This means that when G is bipartite, 
5' is a spanning tree that avoids eo, and when G is nonbipartite, S* is a unicyclic spanning 
subgraph that avoids eo, whose unique cycle G is of odd length. 

We first wish to show that, in either case, the images of the elements E\S\ {eo} are Z^- 
linearly independent in the presentation (16); note that this set E\S\ {eo} has cardinality 
/3(G) — 1 when G is bipartite, and cardinality /3(G) — 2 when G is nonbipartite. 

So assume that E \ S \ {eo} are Zg-linearly dependent in K/qK. Grouping the Zg- 
coefRcients c„ in front of each 8q{v), one would have a sum X^uey c„(5g'(w) lying in Zgeo + 
'Lq{E \ S\ {eo}). Thus this sum should have zero coefficient on every edge e = {w,u)} in 
5, implying that Cy = —Cw for every such edge. Because iS is a spanning set of edges, this 
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forces the existence of a constant c in for which every v in V has Cy ~ ±c. In fact, 
when G is bipartite with vertex bipartition V = V1UV2, this forces Cy-^ ~ c = —0^2 for aU 
vi in Vi and V2 in V2, while for G nonbipartite, the existence of the odd cycle G inside S 
forces Cy — c = — c for all v h\ V . In either case, this means that Cy ~ for all edges 
e = {v,w} in E, and hence the sum 'Ylyev is actually zero in Z^. Thus the linear 

independence is trivial. 

It only remains now to analyze the quotient 

(17) z,{E\S\{e,]) = ^'""Z (^'^^ ^ + -^.{SGiv) + 5G{w)),={y,^}eE) ■ 

Note that when m is odd, for any sequence of vertices wq, wi, . . . , Wm-i, ''^m one has a tele- 
scoping alternating sum 

ni— 1 

^ (-1)'' {5G{V^) + <Sg(w»+i)) = 5g{vo) + (5G(Wm)- 
1=0 

Also note that S will contain paths of edges of odd length between 

• every pair (wi,W2) in Vi x V2 when G is bipartite, and 

• every ordered pair {v, w) 'm.V xV when G is nonbipartite. 
Thus, in either case, one has 

"^qi^aiv) + 5G{w))e={y^u,}eE = "^qi^aiv) + 5G{w))e^{y^y,}^S- 

Using this last equation, one can rewrite the c^uotient on the right of (17) as 

(18) 'Ll/'L,{6s{v) + <5s(uO)e={..»}es 

where here we regard S itself as a graph, namely the edge-induced subgraph of G = (V, E) 
having the same vertex set V and edge set 5 C E'. 

Note that this last expression in (18) does not depend upon the ambient graph G, but 
only on the subgraph S. We therefore rename it Kq{S) to emphasize this dependence on S 
alone. It remains to analyze this group Kq{S) in both the bipartite and nonbipartite cases. 
Case 1: G IS bipartite (and hence so is S). It follows that S* is a spanning tree on with 
vertex bipartition V = V1UV2. By the above discussion, 

Kg{S) = Z^/Zq{6s{v) + (5s(w))(„i,„,)gyixV2 



vi^Vi V2GV2 



We first show by induction on 15*1 that Kq{S) is cyclic, generated by the image of any leaf 
edge e of S, that is, an edge e incident to some leaf vertex v having deg5(t') = 1. The base 
case 15*1 = 1 is trivial. In the inductive step, pick another leaf edge e' in S; we will show it 
has image in the quotient Kq{S) /liqe. If e' is incident to leaf vertex v' , then for any c in 
Zg, one has 

e' + ce = 5sW)+c5s{v). 

Taking c = — 1 (respectively -t-1) when v, v' lie in the same (resp. different) set Vi or V2, one 
obtains an element that is zero in Kq{S), and hence e' = in Kq{S) /"LqC. Now, replacing 
5 by 5 \ {e'}, one can induct on l^l, completing the inductive step and showing that Kq{S) 
is generated by e. 

We next analyze the order of this cyclic generator e within Kq{S). We claim that c-e = 
in Kq{S) if and only if c lies in \V\'Lq. This would finish the proof in the bipartite case, 
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as it would show that Kq{S) is isomorphic to the subgroup of Zg generated by the element 
\V\. This subgroup is isomorphic to Zg^-^j^^ jyi), where q — . Hence this would imply 

K/qK = I'pifJ,'^ © ^gcd(pHP),|vi): as desired. 

To sec the claim, assume that c ■ e = in Kq{S) for some c in Zg. This means one has a 
sum J2^^Y CySaiv) = c • e in which J^vieVi = S«26V2 ^^2- This happens if and only if 
the sum has zero coefficient on all edges e' in 5* \ {e}. If e = {v,w} with the leaf vertex v 
lying in Vi, and w in V2, this means c^j = = —Cy-^ for all i;i G Vi \ {v} and i;2 £ V2 \ {w}. 
Then the condition J^vieVi c«i = J2v2eV2 ^"2 forces 

C„ + (|Fi| -1)(-C„,) = \V2\ic^) 

i.e., Cy = {\V\ — l)ciy. Hence this can occur if and only if c = c^, + c„, = |y|c„,, that is, if c 
lies in |l/|Zg. 

Case 2. G is nonbipartitc (and hence so is S). In this case S* is a spanning unicyclic graph, 
whose unique cycle C is of odd length. By the above discussion, 

Kq{S) = Z^/Zg((5s(w) + 5s{w))(y^y,)(zvxv 

= Zf / J ^ Cy5s{v) : ^ e 2Zg i . 
Thus, if one defines the tower of Z-latticcs (i.e., free abclian groups) 

L := Z^ D M := 'L{5s{v))y^v D ^ \Y1 ""'"^siv) : ^ Cy £ 2Z I , 
then one has a short exact sequence 

^ ^ TV ®Z Zg iV ®Z Zg ^ M ^9 ^ 

(M/7V)(»zZ, _R',(S) (L/M)iS)zZ, 

Here we have used on the two ends of the sequence the fact"^ that for any pair of nested 
abelian groups B C A, one has 

{A 0z Zg) / {B ®z Zg) = (A/B) 0z Zg. 

Furthermore, it is easy to see that both M/N and L/M are isomorphic to Z2: 

• The isomorphism M/N = Z2 comes from choosing any Z-basis for the lattice M, 
thus identifying M = Z'^', and noting that under this identification, N is identified 
with the index 2 sublattice {x € Z'^' : X^ney ^ 2Z}. 

• The isomorphism L/M = Z2 is equivalent to the assertion that the square (un- 
signed) edge-node incidence matrix having columns indexed by the nodes V and 
rows indexed by the edges 5* will have determinant ±2. This is a well-known fact 
for connected unicyclic graphs S whose unique cycle C is odd; see, e.g., [17, p. 560, 
proof of Thm. 3.3]. It is easily proven by first checking that the determinant is 
scaled by ± 1 when one removes a row and column corresponding to a leaf edge and 



■^That is, taking tensor products {—)0z^q is right exact, so when applied to the exact sequence 

B A/B 

it gives the exact sequence 

S ®z -s. A ®z Z, (A/B) ®z Eg 0. 
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its incident leaf vertex in S. This reduces the assertion to the case where S* = C is 
just an odd cycle itself, where the determinant can be calculated directly via Laplace 
expansion. 

Hence both of the outer terms (M/N) ®z '^q, {L/M) ®z "Lq in the short exact sequence 
(19) arc isomorphic to I2 ®z "^q, which vanishes for p odd and equals Z2 for p = 2. Thus 
(19) shows that Kq{S) vanishes for p odd, and shows for p = 2 that Kq{S) is either Z2 or 
Z4. To distinguish these possibilities when p = 2, we analyze the additive orders of each 
edge e in 5' as elements of Kq{S). 

Note that for any leaf edge e in 5*, say with leaf vertex u, one has e = (5s (v), and hence 
2e = 5s{v) = in Kq{S). Thus using a leaf-induction, one sees that any edge e in 5* \ C has 
2e = in Kq{S). 

Meanwhile, we claim that for any edge e = {w, w} in C, one has c • e = in Kq{S) if and 
only if \V\ ■ c lies in 4Zg. To see the claim, assume that c • e = in Kq{S) for some c in 
Zq. This means one has a sum J2v£V = c • e with ^y^yCy G 2Zg. This happens 

if and only if the sum has zero coefficient on all edges e' in 5* \ {e}. Applying this for the 
edges e' in C \ {e}, one concludes that Cy ~ c„,, and hence c = + c„, = 2cu. Applying 
this for the remaining edges e' in 5' \ C, one concludes that = ±Ci, for all w in V . But 
then the condition that X^togy ^^^^ ■^^^ means that \y \ ■ Cy also lies in 2Zq, i.e., that 
\V\ ■ c = 2\V\ ■ Cy lies in 4Zg. One concludes that edges e in C have order 2 when \ V\ is even, 
and order 4 when \V\ is odd. Since every edge e in 5 \ C has 2e = in Kq{S), this implies 
Kq{S) ^ Z^ when \V\ is even and Kq{S) ^ Z4 when \V\ is odd. □ 

6. Proof of Theorem 1.3 

Recall here the statement of Theorem 1.3. 

Theorem 1.3. For any connected d-regular simple graph G with d > 3, there is a group 
homomorphism 

A'(linc G) 4 /v(sdG) 
whose kernel- cokernel exact sequence takes the form 

^ Z(^^^^"^ ®C ^ A'(linc G) ^ A'(sdG) ^ G ^ 
in which the cokernel G is the following cyclic d-torsion group: 

{0 if G is non-bipartite and d is odd, 
Z2 if G is non-bipartite and d is even, 
Ijd if G is bipartite. 

6.1. Defining the morphism /. Wc begin our proof of the theorem by first defining a 
linear map / : K^""" — > M^^"* which will turn out to be a morphism of rational orthogonal 
decompostions. 

Definition 6.1. Define a R-linear map / : ° — > R^^'^'^ by setting 

f(uv, vw) = {uv, v) + (v, vw) 

for every pair of edges {u, v}, {v, w} of G incident at some vertex v (see Figure 4). Equiva- 
lently, the adjoint map /* is defined by 

f^{uv,v) ^ {uv,vw). 

w£V:{v,w}£E 
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Figure 4. The action of / on a single edge of line G. 

The following definitions and lemma will be useful both for showing that / gives a mor- 
phism, and in our later analysis. 

Definition 6.2. Given a directed cycle 

C = {(ui,W2), (W2,W3), . . . , (Wm_i,W,„), (w,„,Wl)} 

in G, let 

sdC := {{vi,ViV2), (W1W2,W2), {v2,V2Vz), (W2W3,W3),- ■ •} 
line C := {(uiU2, W2W3), (W2W3,U3U4), ■ ■ ■ , (Um-l?^m, ■ymWl), {VmVl,ViV2)} 

denote corresponding cycles in sd G, line G. 

Cycles in line G of the form line G where C is a cycle of G will be called global cycles. A 
cycle in line G will be called local (to vertex v) li every vertex ViVj of line G visited by the 
cycle has v G {vi^Vj}. 

Lemma 6.3. Let G he a graph, and let {G} he a set of directed cycles indexing a spanning 
set {z(G)} for the cycle space Zq. Then 

(1) ZsAG will he spanned hy the incidence vectors {z(sdG)} of the associated subdivided 
cycles, and 

(2) Ziine G will he spanned hy the incidence vectors {z(line G)} for their associated global 
cycles together with all local cycles. 

Proof. Assertion (1) of was implicitly used in Section 3.3, and should be clear either from 
elementary algebraic topology or from the discussion of bases for Zq coming from spanning 
forests at the beginning of Section 3.1. 

For assertion (2), given any directed cycle in line G, put an equivalence relation on 
its edges by taking the transitive closure of the following relation: two consecutive edges 
(uv,vw), {vw,wx) in the cycle are equivalent if there exists a vertex y of G contained in 
{u,v} n {v,w} n {w,x}. The global cycles in line G are by definition those in which the 
equivalence classes for this relation all have cardinality two (N.B.: here one is using the 
assumption that G is simple) . Given a cycle z in line G that contains equivalence classes of 
size at least 3, it is easy to see that one can always add a local cycle to z and reduce the 
number of such equivalence classes: if the equivalence class and its neighbors in z correspond 
to these terms 

h {abi,ybi) + (y&i, y&2) + (2/^2, y&s) H 1- {ybt-i, yh) + {yh, btc) H 

where a,c ^ y, then subtracting the local cycle 

{ybi,yb2) + (j/62, ybs) H h {ybt-i,ybt) + {ybt,ybi) 

gives a result that looks locally like 

h {abi,ybi) + {ybi,ybt) + (ybt, he) H . □ 
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Figure 5. An example of a subdivided cycle in sdG, and its image under 
/* in line G when G is 3-regular. 

Corollary 6.4. For any d-regular simple graph G, the map f : R^iin! g _^ R^^dc from 
Definition 6.1 is a morphism of the associated rational orthogonal decompositions, and hence 
induces a group homomorphism 

f : ii:(linc G) ^ K{sdG). 

Proof. By Proposition 2.3, one must show both /(^une g) C ZsdG and f*{ZsdG) C Z^nc g- 
To show /(Ziine g) C ZsdG, using Lemma 6.3(ii), it suffices to show that / takes both 

global and local cycles in line G to cycles in ZsdG- This is easy (and requires no assumption 

about the d-regularity of G): local cycles map to under /, and a global cycle of the form 

line C satisfies /(2;(line C)) = z(sdC). 

To show P{ZsdG) C ^lino G; usiug Lemma 6.3(i), it suffices to show for every directed 

cycle C in G that / takes the subdivided cycle 

z(sdG) = {viV2,V2) + [V2,V2VS.) + {v2Vz,Vz) + {vz.VzVi) H h {vkVi,Vi) + {vi,ViV2) 

to a sum of cycles in Ziino g- The regularity of G implies that each Vi has c? — 2 neighbors 
off the cycle; label them u\, . . . , uf~'^. Then one can write 

(/*)(z(sdG)) = 22(linc G) + Ci + • • ■ + Cd-2 
where for j = f,2,...,(i — 2 one defines the element of Ziinc g 

Cj := (wiW2,W2'«2) + («2M2:'^2W3) + iv2V3, V3ul) + {v3U^^, V3V4,) H 

+ {vkVi,Viu{) + {viu{,ViV2). 

An example with d = 3 is shown in Figure 5, depicting the subdivided cycle sdG in sdG, 
and then its image under /* in line G, which decomposes into 2 copies of the inner cycle 
line G along with 1 {— d — 2) outer cycle Ci- D 

6.2. The kernel and cokernel of / are d-torsion. 
Proposition 6.5. For any d-regular connected graph G, both maps 

ff : K{\me G) ^ A' (hue G) 

//* : if(sdG) -> A'(sdG) 

are scalar multiplications by d. 
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Proof. The proofs of these are straightforward computations: 
f'^f{uv, vw) = f*{uv, v) + vw) 

= {uv,vx) + {xv,vw) 

x£V:{v,x}eE 

= d ■ [uv , vw) + {{uv^vx) + {xv^vw) + [vw^uv)) 

xeV:{v,x}eE 
= d ■ {uv, vw) mod Znac g- 

ff{uv,v)= ^ f{uv,vx) 

x£V:{v,x}£E 

= (uv,v) + {v,vx) 

x£V:{v,x}£E 

= d-{uv,v)+ {v,vx) 

x£V:{v,x}£E 

= d ■ {uv, v) mod i?sdG- D 

Corollary 6.6. For any d-regular connected graph G, both ker(/) and coker(/) are all 
d-torsion. 

Proof. For a; G ker(/) and y G coker(/), one has 

d-x^ff{x)^f\0)^0, 

d-y = ff{y)eim{f)- □ 

6.3. Analyzing the cokernel. 

Proposition 6.7. For any d-regular connected graph G, the group C :— coker(/) is a cyclic 
group as described in Theorem 1.3. 

Proof. We will use the presentation 

(20) C coker(/) i^(sdG)/im(/) = Z^^'^'^/ (BsdG + Z,ag + Mf)) ■ 

To see that C is cyclic, note that there are two ways for a pair of edges in sd G to be incident 
at a vertex, and in either case their images in C will differ by a sign: 

{u,uv) = —{uv,v) modSgdGj 
{uv,v) = +{v,vw) mod im(/). 

Since G is connected, this shows C is cyclic, generated by the image of any directed edge 
of sdG. Furthermore, it is a quotient of by Corollary 6.6. 

When G is bipartite, in order to show C = Z^, it will suffice to exhibit a surjection 
G ^ Tid- Let the vertex set V for G have bipartition V = Vi U V2, and consider the 
abelian group homomorphism : TLP"'^'^ Z which maps a typical directed edge {v\, v\V2) 
or {v\V2,V2) in sdG (where Vi G Vi for = 1,2) to 1 G Z. One can check that each of the 
three subgroups Bgdo, Zgdo, ini(/) by which one mods out in (20) is mapped via into the 
subgroup dZ: 

• Any directed cycle C in sd G has (j){z{G)) = (due to the fact that G will have even 
length), 

• any edge e of line G has 4>{f{e)) = 0, 

• any vertex V1V2 in sdG has 4'{bsdG{viV2)) = 0, while 
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• any vertex Vi in sdG has (/)(&sd G('^i)) ~ 

Thus 4> induces a surjection from C onto Z^, as desired. 

If G is not bipartite, it contains some (directed) odd cycle C. Pick any directed edge e 
in the subdivision sd C and use the two relations (a) , (b) to rewrite it successively as ± the 
other directed edges in the cycle. It changes sign each time one uses (a) to pass through a 
vertex of sd C that comes from an edge of G. Since there are an odd number of such edges 
in the cycle, it will change sign an odd number of times before it returns, yielding 

e = -e mod Bsag + im(/). 

Hence 2e = in C, so C is a quotient of Z2. 

Since G is also a quotient of Z^, when d is odd, one must have C = 0. When d is 
even, consider the index 2 sublattice A of iP"^'^ consisting of those vectors whose sum 
of coordinates is even. Without any parity assumption on d, it is true that im(/) C A 
(by definition of /) and ZsdG C A (because the subdivided cycles sdC have evenly many 
edges). The assumption that d is even implies that Bsag also lies in A: Bsaq is generated 
by the bonds in sdG of the form bsdciv) for vertices v of sdG, and every vertex in sdG 
has degree either 2 or d. Consequently, the presentation (20) shows that G surjccts onto 
Z-^'-is/A = Z2. □ 

6.4. Analyzing the kernel. It remains to understand ker(/), or equivalently by Proposi- 
tion 2.6, to understand its Pontrjagin dual 

(21) coker(/*) = Z^"- °/ {Zm-^c g + Ainc g + M f)) ■ 

This will come about by reformulating this presentation, in order to analyze it locally. 

Definition 6.8. For each vertex 1; S Vg of a d-regular simple graph G — (Vg, Eq), define 
inside line G the d-clique local to v 

to be the vertex-induced subgraph of line G on the vertex set 

ViK^"^) := {vw : vw e Eg}- 
Note that the edges of line G form a disjoint decomposition 

(22) inline G= U E{K^;'>) 

vGVg 

since G was assumed to be a simple graph. Also note that a cycle in line G is local to vertex 
V, as in Definition 6.2, if and only if it is supported on the edges E^K^'"^). If one lets Zf^°^'^Q 
be the span of global cycles {zuno c} coming from any spanning set of cycles {zg} for Zq, 
then Lemma 6.3 (ii) implies 

7 rylocal I fyglobal 

^linc G — ^lino G + -^linc G" 

To simplify the presentation (21), note that for a vertex vw of line G, the bond 



6linc g{vw) = f{vw, V) + f{vw, w) 
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lies in im(/*), and consequently, Buno g C im(/*). Note also that the decomposition (22) 
leads to a family of compatible direct sum decompositions 





= e 

veVo 




rylocal 

^line G 













This gives the simplified presentation 



(23) 



coker(/*)=('0Z^(^t' 




/V (i^f'^M /Z,^ 



global 
inc G • 



We use this presentation to prove the following lemma, which together with Proposi- 
tion 6.7 immediately implies Theorem 1.3. 

Lemma 6.9. For a connected d-regular graph G, 

ker(/) = Z^^°'-' © C 

where C := coker(/) is as described in Theorem 1.3. 

Proof. We claim that it suffices to prove these two bounds on kcr(/): 

(i) There is a surjection kcr(/) -» iPJ^'^'^ ^ and, 

(ii) ker(/) can be generated by /3(G) — 1 elements. 

To see this claim, note that since kcr(/) is all d-torsion by Corollary 6.6, assertion (ii) 
would imply a surjection Z|^''^'' ^ -» kcr(/). Together with (i), this would imply ker(/) = 
© C" for some cyclic group C . But then exactness of the sequence 

^ ker(/) ^ if(line G) -4 K{sdG) coker(/) ^ 

forces 

(d'^^^'-^IG'l) |/v(sdG)| = |A'(linc G)||G|. 

From this equation and equation (2) one deduces |G'| = |G|. Since both G' and G arc cyclic, 
this means G' = G, as desired. 

In the proofs of assertions (i) and (ii), one uses the fact that kcr(/) = cokcr(/*). Moreover, 
setting n :~ \Vg\, one can rewrite the direct sum from (23) as 

(24) ^K{K^/^)^^Zi^'^zT-'^. 

v£Vg v£Vg 

For assertion (i), we use some easy numerology. Note that 2^^°^"^ can be generated by 
/3(G) elements, and also that 

/3(G) = |i^G|-|^c| + l = ^-n+l = ^^ + l 
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SO that 

n{d-2)~f3{G) = /3(G) -2. 
Since it is easily seen that that any quotient of an abchan group ZJ^ by a subgroup that 
can be generated by b elements will have a surjection to one can apply this with 

a ~ n{d~ 2) and h — P{G) to the presentation (23), and conclude that there is a surjection 
coker(/*) ^Z^^°^"'. 

For assertion (ii), the idea will be to start with the 

n(d - 2) = 2(/3(G) - 1) 

generators in (24). and use (all but one of) the /3(G) generating global cycles in Zf^"^'^^ 
to rewrite them in terms of other generators, with /3(G) — 1 generators left. This will be 
achieved by removing the vertices from G one at a time in a certain order, in order to control 
the rewriting process. 

To this end, order the vertices Vg as ui, U2, • . • , Wn in such a way that the vertex-induced 
subgraphs 

Gi := G \ {wi,W2, • ■ ■ 

(so Gi :~ G, and G,i has one vertex u„) 

satisfy 

di := degg. (wi) < d for i > 2. 
For each i > 1, partition the di neighbors Vi in Gi into blocks Ai,A2,... ,Ac^ according to 
the connected components of G^+i in which they lie. The number Ci of such components 
coincides with the number of connected components in G^+i into which the connected 
component of Vi in Gi splits after removing Vi. Define 

A, :-d,-c, =/3(G,)-/3(G,+i), 
where the last equality follows from the Euler relation for graphs: 

\Vg\ — \Eg\ = [{connected components of G}| — |/3(G)|. 

Consequently, 

Ai + A2 + • ■ • + A„_i = /3(Gi) - /3(G„) = /3(G). 
Our goal will then be to find A,j minimal generators of (24) to remove at each stage i > 2 
(and at the first stage i = I, remove one fewer, that is, Ai — 1 = — 2 of them). This 
would leave a generating set for coker(/*) of cardinality 'n{d — 2) — {P{G) — 1) = /3(G) — 1, 
as desired. 

For I > 2, inside the clique i^^^"'' local to Vi, choose a forest Fi of edges having Ci com- 
ponents which are spanning trees on each of the subsets {viX : x & Aj} for j = 1, 2, . . . , c^. 
Note that 

m = Y.^\A,\-i) = d.,-c,^^,. 

i=i 

Also note that the forest Fi manages to avoid touching at least one vertex in the d-clique 
Kj^^\ namely any vertex of the form ViVk in which {viVk} G Eg and k < i; there will exist 
at least one such k since by construction, degg. (vi) — di < d = degQ{vi). 

Hence by Proposition 3.3, the edges in Fi give Ai generators that could be completed 
to a set of d — 2 minimal generators for K{Kj^''^) = Each of these generators in Fi 

can be re- written, using a cycle in Z^^°^'^q, in terms of generators from X(is:('"=))'s that have 
A: > i, as follows. Given any edge {viX,Vix') in Fi, there is a path from x to x' in Gi+i 
(because x,x' lie in the same component of Gj+i by construction), and hence a directed 
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Figure 6. A 3-regular connected graph which is not 2-edge-connected. 



cycle C in Gi going from Vi to x then through this path to x' and back to w;. The global 
cycle z(line C) allows one to rewrite {v ') as desired. 

The only difference for « = f is that, even when Ai = d—1 (that is, when ci — \), in this 
situation choose Fi to have at most d — 2 edges (that is, remove any edge from the forest 
Fi if ci = 1). This modification ensures that one can still apply Proposition 3.3 and rewrite 
all of the generators of K{K^^^^) corresponding to the edges of i^i. □ 

Remark 6.10. One should remark that for a connected, d-regular graph G, the extra 
hypothesis in Theorem 1.3 that G is 2-edge-connected is well-known (see, e.g., [9]) to be 
superfluous when d is even: a connected graph G with all vertices of even degree cannot 
have a cut-edge, as the two components created by the removal of this edge would each be 
graphs having exactly one vertex of odd degree, an impossibility. 

However, when d is odd, the extra hypothesis of 2-edge-connectivity need not follow. For 
example, the 3-regular graph shown in Figure 6 is connected, but not 2-edge-connected. 

7. Proof of Corollary 1.4 

In this section we prove Corollary 1.4. Informally, the corollary states that critical group 
of G determines the critical group of line G in a simple way. 

Corollary 1.4. For G a simple, connected, d-regular graph with d > 3 which is nonbipartite, 
after expressing uniquely 

0(G) 

K{G) = Zrf, 



with di dividing di+i, one has 

//3(G)-2 

(25) X(line G) ^ 2: 



2ddi 

i=l 



^2d^(G)-i ® ^2d3(G) for \V\ even, 
^4d3(G)-i ® ^d,3(G) for\V\odd. 



Proof. Let K := A' (line G), and fix a prime p. Our goal is to show that the p-primary 
component of K matches that of the group on the right side of (25). 

The hypotheses of the theorem allow one to apply the nonbipartite cases of Theorem 1.2 
and Theorem 1.3. The former asserts that 

{0 for p odd, 
Z2 forp-2,|F| even, 
Z4 for p = 2, |F| odd, 

while the latter gives an exact sequence 

(27) ^ © Zged(2,d) A'(sd G) ^ Zg,d(2.d) ^ 0. 
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In analyzing the p-primary component Sylp(ii'), it is convenient to define the type of a 
finite abelian p-group A as the unique integer partition v = {i>i > V2 > ■ ■ ■) for which 
A = ®j>i Zpi-i . Let /i, A denote the types of Sy\p{K{G)), Sylp(A'), where we think of both 
fi, A as partitions with (3{G) parts (ahowing some parts to be 0). Note that Proposition 3.2 
asserts, in this language, that Sylp(ii'(sd G)) has type for p odd and type p + (1^'*^)) for 
p = 2. 

A basic fact from the theory of Hall polynomials [13, Chapter II Section 9] says that 
there exist short exact sequences of abelian p-groups 

in which A, B, C have types v, A, respectively, if and only if the Littlewood-Richardson 
(or LR) coefficient ^ does not vanish. The combinatorial rephrasing of this LR-condition 
is as follows: there must exist at least one column- strict tableau (which we will call an LR 
tableau) of the skew-shape A/// having content for which the word obtained by reading 
the tableau (in English notation) from right-to-left in each row, starting with the top row, is 
Yamanouchi. Here the Yamanouchi condition means that within each initial segment of the 
word, and for each value i > 1, the number of occurrences of i -|- 1 is at most the number of 
occurrences of i. See [13, Chapter I §9] and [IG, Appendix §A1.3] for more on these notions. 

Suppose that p is odd. Then k{p) is the largest power such that p''^^^ divides d, so taking 
the p-primary components in (27), we obtain the following short exact sequence: 

(28) 0^ Z^^ifJ-' ^SylpA-^Sylp(A-(sdG))^0 

type iy=(fc(p)'9«3)-2) typo A type ^ 

where A has at most /3(G) — 2 nonzero parts by (26). Since nonvanishing of the LR-cocfficient 
c^^ forces fi C X, it must be that /x also has at most /3(G) — 2 nonzero parts. Furthermore, 
one can check that column-strictness together with the Yamanouchi condition on the reading 
word of an LR-tableau of shape X/fi and content v ~ {k{pY^'^^^'^) uniquely determine the 
tableau: it must have each entry in row i equal to i for i = 1, 2, . . . , /3(G) — 2. This forces 
Xi = pLi-\- k{p) for i = 1,2,..., /3(G) — 2, and hence A agrees with the type of the p-primary 
component on the right side of (25). 

Suppose that p = 2, so that 2''^p'>-'^ divides d, but 2''^p'> does not. 

When d is odd we have that k{p) = 1. On the other hand, taking the 2-primary compo- 
nents in (27) shows that Syl2is: ^ Syl2(Ar(sd G)), so X ^ ^ + (l'^^^)). Since d is odd, \V\ 
must be even (as the c?-regularity of G forces d\V\ = 2|i?|), so this A again agrees with the 
type of the 2-primary component on the right side of (25). 

If d is even, the 2-primary components in (27) form the following exact sequence 

(29) 0^ Z^Xti®^2 Syl^K — > Syl2(A-(sd G)) A Z2 ^ 0. 

typo iy=((/c(p)-l)'3(G)-2 1) typo A typo 

This can be truncated to the following short exact sequence involving kerTr: 

(30) Z^JfJ-^ © Z2 

typo I/=(fc(p)-l)/3(G)- 

for some partition fl, and where the last two parts (A^((3)_i, A^(g)) in A are either (1, 1) or 
(2, 0) by (26), depending on the parity of \V\. 
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The short exact sequence 

^ kerTT ^ Syl^iKisdG)) ^ Z2 ^ 

shows that fi is obtained from ^ + (l'^^^^) by removing one square; we claim that fi can 
have at most /3(G) — 1 nonzero parts, and hence this square must be removed from the last 
row, that is, /* = /! + (l'^'^'^^"^, 0). The reason for this claim is that, since the LR-coefhcient 
7^ 0, the LR-condition forces 



j>^(G)-l i>l3(G)-l i>l3{G)-l 

As X]i>^(G)-i -^i = 2 in both cases for the parity of \V\, and X]i>/3(G)-i ^» ~ ^^^^ forces 
Si>/3(G)-iA» — This implies fl can have at most /3(G) — 1 nonzero parts, as claimed. 

Once one knows fi takes this form, and since (26) fixes the shape of A in its last two 
rows /3(G) — 1, /3(G), any LR-tableau of shape X/fj, and content = {k{p) — 1)'^('5)~2, 1) is 
completely determined by column-strictness and the Yamanouchi condition: it must have 
its unique entry equal to /3(G) — 1 lying in the unique of cell of A//i within the last two 
rows, while all of its entries in row i are all equal to z for i = 1, 2, . . . , /3(G) — 2. This again 
forces Xi = iJ,i + k{p) for i = 1, 2, . . . , /3(G) — 2, and means that A again matches the type of 
the 2-primary component on the right side of (25). □ 

Remark 7.1. In light of what Corollary 1.4 says about K := X(line G) for nonbipartite 
regular graphs, one might wonder what can be deduced for bipartite regular graphs using 
Theorems 1.2 and 1.3. We discuss this briefly here. 

Fixing a prime p, define k to be the largest exponent such that p'' divides d, and let 
Sylp(i<'(G)) have type /x. Then the p-primary components in the bipartite case of Theo- 
rem 1.3 form the following exact sequence: 



(31) 0^ Zff^)-^ —^SylpK^ Sylp(X(sdG)) ^ Z^. ^0 



typo i/=(fc''(<3)-i) type A ftypon type (A;) 

\type n + (I'^C)) ifp = 2 

As a consequence, Sy\p{K) wiU be uniquely determined by Sylp(ii'(G)) whenever p does 
not divide d, since then fc = and (31) shows Sylp(A') = Sylp(-fir(sd G)) in this case. 
However, in general, the structures of ker(7r) and of Sylp(i^) seem less clear. Even using the 

extra information from Theorem 1.2 that Kjp^^P^K = ^pfc^^"* ^ ffi ^gcd(p'=.|V'|)> where k{p) is 
the largest power such that ^'""(p) divides 2(i, along with the LR-rule, the structures of the 
various terms in the sequence arc not uniquely determined. 

Question 7.2. When G is a simple, bipartite, regular graph, what more can be said about 
the structure oi K := i4r(line G) in relation to that of K{G)1 

8. Proof of Theorem 1.5 

Let G = {V, E) be a scmircgular bipartite graph with vertex bipartition V — V1UV2, such 
that vertices in Vi have degree di. In this section we prove our analogue of Theorem 1.3 
for semiregular graphs. Recall that this is motivated by Cvetkovic's formula (3) for the 
spanning tree number of line G: 
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We recall here the statement of Theorem 1.5. 

Theorem 1.5. Let G be a connected bipartite [di, d2)-semiregular graph G. Then there is 
a group homomorphism 

K{Yme G) A K(G) 
whose kernel- cokernel exact sequence 

(32) ^ kcr(.g) ^ A'(lmc G) 4 K{G) cokcr(5) ^ 

has 

• cokcr((7) all lcni{di, d2)-to7^sion, and 

• ker(g) all -^^^^^^f^\cm{di, d2) -torsion. 

The proof of this result is analogous to that of Theorem 1.3; for this reason, some proofs 
here are either abbreviated or only sketched. Note also that this theorem is less precise than 
Theorem 1.3, partly out of necessity: Examples 8.6 and 8.7 below show that the morphism 
g : K{\me G) — !• K{G) appearing in the theorem is nearly surjective in some cases, and is 
the zero morphism in some other cases! 

8.1. Defining the morphism g. Wc define g similarly to the map / from Definition 6.1. 
Let 

A := lciTi{di, d2) 
7 ;= gcd(di,d2). 

As a notational convenience, denote typical vertices in Vi (respectively, V2) by a's (respec- 
tively, 6's) with subscripts or primes. 

Definition 8.1. For a semiregular bipartite graph G, let g : M-^""<= <3 R^"^ be defined 
M-linearly by 

g{ab,ba')^^{{a,b) + {b,a')) 

0.2 

g{ba,ab') = ^{{b,a) + (a,b')). 
di 

Equivalently, the adjoint map 17* is defined by 

9\a,b)^^ {bia,ab) + ^ ^ {ab,baj), 

where N{v) denotes the set of vertices adjacent to v in G. 

Remark 8.2. In the special case when G is not only semiregular bipartite, but actually 
regular, so di = ^2 = A = 7, one can easily check that the map g coincides with the 
composite map ho f 

]j£li„o G RiJ^dG Jl^ RBg 

where / is the map from Theorem 1.3 defined in Definition 6.1, and h was defined in 
Example 3.3. 

Proposition 8.3. If G is a semiregular bipartite graph, then g : Z^""" —5- Z^"^ is a 
morphism of the associated rational orthgonal decompositions, and hence induces a group 
homomorphism g : i4r(line G) — ?> K{G). 
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Proof. By Lemma 6.3 (ii), it is enough to show that g takes global and local cycles in ^unc g 
to cycles in Zq, and that takes cycles in Zq to cycles in Zn^^c g- 

First, one can check that g maps all local cyles to 0. Each global cycle is by definition of 
the form z(line C) where C is a directed cycle of G, and one checks that 

,(.(lineC))^(A + ^),(C). 

On the other hand, one checks that (7*(z(C)) can be rewritten as a sum of A cycles Q in 
^linc Gi each Q being twice the length of C, and in which every other vertex on Q corresponds 
to an edge occurring in C. □ 

8.2. Analyzing its kernel and cokernel. 

Proposition 8.4. The map 

g*g : i5:(line G) -> K{\me G) 
coincides with scalar multiplication by Consequently, ker((7) is ^^^^^^\-torsion. 

Proof. For any edge a6, ha' in E'linc d use the definitions of g and g* to write 

A^ 

g^g{ah,ba) ^ {ha,ab) + -^ ^ (ab^baj) 

(33) ^ ^ 

For the first and fourth term, one has 

E {bia.ab)^ ^ (a&, ^aj) mod Bunc g 

E {ba',a'bk)= ^ (oj^, ^a') mod Bunc g- 

bk&N{a') aj£N{b) 

Substituting these expressions into equation (33), grouping like terms, and using the identity 
did2 = A7 gives 

g*g{ab, ba') = ' 1~ \ E ("^' '"^•j) E ("^-J'^' ^"^'^ ) ^"'^ 

^ \aj6JV(b) ajeJV(b) / 

which then can be rewritten, using the ^2 triangular cycles 

{ah, buj) + {ajh, ba') + (a'6, ba) G Zune g, 

as 

g*g{ah, ba') = (^1 + ^^2) A ^^^^^^^^ ^^/-^-j ^^^^^^ ^^.^^ ^ _|_ ^^.^^ ^ 

7 «2 

= -^-i—- ^A(a6, foa') mod Bii„c g + ^lino g- □ 

7 

Remark 8.5. As in Proposition 6.5, one can show that the other map gg* : K{G) — !• K{G) 
also coincides with the scalar multiplication by ^i+ik^^ and hence that coker(g) is also 

di+d 



-A-torsion. However, we omit this proof, since we are about to show the stronger 



7 

assertion that coker(5) is A-torsion. 
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Proof of Theorem 1.5. In light of Proposition 8.4, it only remains to show that coker(g) is 
A-torsion. Given any edge ab G Eq, one has 

A(a, b) — A(a, b) + — (6, aj) mod Bq 

ajeN(b) 

= y (a, 6) + (b, Oj) mod Bg 

ajeN(b) 

= 5 j y^ {ab,baj) mod Bq. 

Consequently A(a, 6) lies in im{g) + BQ, so it is zero in coker(g) := Z^^/ (im((7) + + Zq). 
□ 



Unlike the map / from Section 6, it is hard to be much more precise about the exact 
nature of cokernel and kernel of g. The following two families of examples demonstrate two 
extremes of behavior for how tightly or loosely the map g ties together if (line G) and K{G) 
for semiregular bipartite graphs G. 

Example 8.6. Assume G is not only bipartite semiregular, but actually d-regular (i.e., 
di = d2 = d). Then g : ii'(line G) K{G) is nearly surjective, in the sense that coker((;) is 
a quotient of Z^. To see this, recall from Remark 8.2 that in this case, g = ho f where h, f 
were defined in Example 3.3 and Definition 6.1. Since h : K{sdG) K{G) is surjective, it 
induces a surjection 

coker(/) K{&d G) /im(/) — > K(G) /im(/i o /) =: cokcr(g). 

But Theorem 1.3 says that coker(/) = Z^; in this situation. 

Example 8.7. For the complete bipartite graph G = Kni,n2, the structures of the critical 
groups of G and line G have been determined through manipulations of their Laplacian 
matrices (see Lorenzini [12] and Berget [■-)], respectively): 

i4r(lme Kn^,n2) = Ki\(ni+n2) ® ^"2(«l+ri2) ® ^rn+ni^"'' '^^'^^ ' 

In principle, the structures of these groups allow nonzero honiomorphisms between them 
for all values of ni,n2. However, we claim that whenever 7 = gcd(ni,n2) = 1, the map 
if (line G) A K{G) will be the zero morphism. In this case, keT{g) = if (line G) and 
coker(g) = K{G). 

To see this claim, let {ab, ba') be a fixed edge in Eunc g- Note that 

A = did2 = nin2, 
di = 712, d2 ^ ni. 

Then for each bj e ¥2, one has 

— {g{ab, ba') + g{a'bj, bja)) ^ ab + ba' + a'bj + bja e Zg- 
di 
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On the other hand, 

J~ (diab, ba) + g{abj,bja)) = g{ab, ba) + ^ ^^("'^-J + ^-j") 

= g(ab,ba') + a'bj + bjU 

bjeV2 bjeV2 
= g{ab, ba') mod Bq. 

Combining these two statements gives us g{ab, ba') = mod Zq + Bq. By symmetry, one 
also has g{ba, ab') = mod Zq + Bq. It follows that g is the zero morphism. 

Remark 8.8. Note that Theorem 1.2 provides convenient information about 'By\p{K) for 
K A'(line G) when G is (di, (i2)-semiregular: if k{p) denotes the largest power p^'^P^ 
dividing di + d2, then 



(34) ^ ZJiS"' © Zgcd(pM.,,|y|). 

However, even in conjunction with Theorem 1.5, this does not appear to determine the 
structure of i<'(line G) uniquely in terms of the structure of K{G). Thus we are led to the 
following generalization of Question 7.2: 

Question 8.9. When G is a simple, semiregular bipartite graph, what more can be said 
about the structure of K := KiVme G) in relation to that of K{G)1 

9. Examples 

9.1. The complete graph /v„. Proposition 3.3 can be rephrased as asserting that 

K{K^) = r^-^ ® zf-" 

where /? := (i{Kn) = ("2^)- Since Kn is nonbipartite for n > 3, and contains an even length 
cycle for n > 4, Corollary 1.4 immediately implies the following: 

Corollary 9.1. Forn > 4, the line graph line Kn of the critical group of the complete graph 
Kn has the form 

K{\me Ki) ^ Z24 ® Zg ® Z2 

„„ 9 Z9 for even n > 5, 

I n) 2(„-i)»^ 2(„-i)^|^^ for odd n> 5. 

9.2. The complete bipartite graph i^„j^ n^. As mentioned in Example 8.7, the criti- 
cal groups of the complete bipartite graph iC„i,„2 ^-^d its line graph line -fsTm.na have the 
following forms: 

K{Kn,,n2) = 

if (line Kn, n2) - Z"V\ ^ ® Z"V\ , © zi"V:'^("'"'^^' 

V ni,n2/ ni(ni+n2) n2(ni+n2) ni+n2 

(see Lorenzini [12] and Berget [3], respectively). 

In addition. Example 8.7 showed that the map g in the exact sequence in Theorem 1.5 is 
sometimes the zero morphism and hence is not always useful for determining the structure of 
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if (line i^nj^^n^)- Even in the special case when ni = 712 = n (so A'(line Kn^n) is n-regular), 
the exact sequence 

^ © Z„ (hne Kn,n) — 

from Theorem 1.3 does not determine a priori Berget's formula for _R'(line Kn.n)- 
However, we note that at least Theorem 1.2 does predict that the expression 

P 

if (line Kni.n^) = ^^e, where 13 := /3(/f„i,„J = (rii - l){n2 - 1) 

should have \V\ = ni + n2 dividing every one of the factors e^. This follows from equa- 
tion (34), since Kni,n-2 is bipartite (?t.i, ?T.2)-semiregular. Hence for each prime p, one has 



where fc(p) is the largest power such that p'^(p) divides ni + 712. Hence K/{ni + n2)A' = 

^ni+n2- 

9.3. The d-dimensional cube. Denote by Gd-cubc the graph of vertices and edges in the 
d-dimensional cube, that is, Gd-cube = {V^ E) in which V is the set of all binary strings of 
length d, and E has an edge between any two such strings that differ in exactly one binary 
digit. This is a d-regular bipartite graph, having 

/3:=/3(Gd-cubc) = (d-2)2'^-i + l. 

One knows its spanning tree number (see, e.g., [l(i. Example 5.6.10]): 

«:(Gd.cubc) = Yd ri(2fc)(') = ri 

k=l k=2 

Correspondingly, work of H. Bai [2] computes its critical group structure away from the 
prime 2: For odd primes p, one has 



Sylp(/i(Gd.cubc)) = SylJ0Z 



it) 

k 

k=2 



Unfortunately, Syl2 (if (Gd-cubc)) is a 2-group that is still not known for all d. 

Consequently, Proposition 3.2 shows that K(sd (Gd-cubc)) has the same p-primary struc- 
ture as if (Gd-cubc) for odd primes p, and Theorem 1.3 gives the following exact sequence 
for every odd prime p: 

(35) ^ Sylp(Z^-i) ^ Sylp(if (line Gd-cubc)) ^ Syl^ Z^ j ^ Z^ ^ 0. 

This is particularly effective when d itself is prime since then Syl^ ( ®k=2 ^k''^ ) = a-^^d 



the exact sequence (35) implies that for odd primes p, 
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Meanwhile Syl2(ii'(line Gd-cubc)) = Syl2(if (sd (Gd-cubc))) is unknown, but by Proposi- 
tion 3.2, is completely determined by the unknown 2-group Syl2(-fC(Gd-cubc))- 

9.4. The Platonic solids. One source of regular graphs are the 1-skeleta (= graph of 
vertices and edges) of the Platonic solids. There are certain features that apply to any graph 
Gp which is the 1-skeleton of a 3-dimensional polyhedron P, and hence to any Platonic solid: 

• Because the cycles surrounding the (polygonal) faces of P generate the cycle lattice 
Z , the graph Gp is bipartite if and only if each face of P is an even n-gon. 

• Furthermore, the cycles that bound all but one face of P form a basis for Z, so that 
P{Gp) is always one less than the number of faces. 

• Such graphs Gp arc always 2-edgc-conncctcd, so that Theorem 1.1 always applies. 

• Dual polyhedra P, P* have Gp,Gp* dual as planar graphs. This identifies the lattice 
of bonds for one with the lattice of cycles for the other, and implies that their critical 
groups K{Gp), K{Gp^,) are isomorphic; see also [(!]. 

9.4.1. The tetrahedron. The tetrahedron has 1-skeleton Gtctra ~ K^, and hence implicitly 
was discussed already in Section 9.1 on Kn, as the special case n = 4. 

9.4.2. The cube and octahedron. The cube and the octahedron are dual polyhedra. Either 
by direct computer calculation, or by noting Gocta — hue and applying Corollary 9.1 
with n = 4, one finds that 

if(Gcubo) = A'(Gocta) = Z2 © Zg © Z24 
= Z2®Z2©Z3. 

SinC6 Gocta 

is 4-regular and nonbipartite with /3(Gocta) = 7, Corollary 1.4 then implies 

X(line Gocta) = © © Zig © Iqa © Ziga. 

For Gcubo- which has /3(Gcube) = 5, the results of Section 9.3 apply, and are particularly 
effective because d = 3 is prime. They show that Sy\p{Ki\mc Gd-cubc)) vanishes except for 
p = 2, 3, with 

Syl3(X(line Gd-cubc)) = Z^ 

Syl2(X(line Gd-cubc)) = Syl2(A'(sd (Gd-cubc))) = Z^ © Z4 © Z^g. 

Hgiicg 

K{\me Gcubc) Z^ © Z4 © Z?g © Z^ 
= Z2 ©Ze ©Z12 ©Z^8- 

9.4.3. The dodecahedron and icosahedron. The dodecahedron and icosahedron are dual poly- 
hedra, both of whose graphs are nonbipartite. Computer calculation shows that 

A"(Gdodcca) = A'(Gicosa) Z2 © Z12 © Z^q 

= Z2©Z4©Z4©Z3. 

Since Gdodcca is 5-regular with /3(Gdodcca) = 11, one concludes from Corollary 1.4 that 
K{\mc Gdodcca) = Z2 © Z^ © Zi2 © Z72 © Zleo 

— Z2 © Z4 © Zg © Z3 © Zg © Zr^ . 

Since Gicosa is 3-regular with /3(Gicosa) = 19, one concludes from Corollary 1.4 that 
A:(line Gicosa) = Z^ © Zjg © Z20 © Z120 © Z^^q 
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ANDREW BERGET, ANDREW MANION, MOLLY MAXWELL, AARON POTECHIN, 

AND VICTOR REINER 



Abstract. The critical group of a graph is a finite abeUan group whose order is the 
number of spanning forests of the graph. This paper provides three basic structural 
results on the critical group of a line graph. 

• The first deals with connected graphs containing no cut-edge. Here the number of 
independent cycles in the graph, which is known to bound the number of generators 
for the critical group of the graph, is shown also to bound the number of generators 
for the critical group of its line graph. 

• The second gives, for each prime p, a constraint on the p-primary structure of the 
critical group, based on the largest power of p dividing all sums of degrees of two 
adjacent vertices. 

• The third deals with connected graphs whose line graph is regular. Here known 
results relating the number of spanning trees of the graph and of its line graph are 
sharpened to exact sequences which relate their critical groups. 

The first two results interact extremely well with the third. For example, they imply 
that in a regular nonbipartite graph, the critical group of the graph and that of its line 
graph determine each other uniquely in a simple fashion. 
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1. Introduction and main results 

The critical group K{G) of a graph G is a finite abelian group whose order is the number 
k{G) of spanning forests^ of the graph. One can define K{G) in several ways, closely related 
to the cycle and bond spaces of the graph, the graph Laplacian, as well as a certain chip- 
firing game that is played on the vertices of the graph and is called the abelian sandpile 
model in the physics literature. The interested reader can find some of the standard results 
on K{G) in [1, 4] and [8, Chapter 13]. Some of this material is reviewed in Sections 2 and 
3 below, along with unpublished results from the bachelor's thesis of D. Treumann [J O] on 
functoriality for critical groups. 

The critical group K{G) and its relation to the structure of the graph G remain, in 
general, mysterious. The goal of this paper is to compare the structure of the critical group 
of a connected simple graph (that is, a connected graph having no multiple edges and no 
loops) with that of the critical group of its line graph. Recall that for a graph G = {V,E), 
its line graph line G = (Mine d ^'Uno g) has vertex set Vii„e g '■= E, the edge set of G, and an 
edge in E'linc g corresponding to each pair of edges in E that are incident at a vertex. Our 




Figure 1. A graph G and its line graph line G with G underlayed. 

main results say that, under three different kinds of hypotheses, the structure of ^(line G) 
is not much more complicated than that of K{G), as we now explain. 



Throughout this paper all spanning forests are assumed to be maximal in the sense that adding an edge 
of G to a spanning forest creates a cycle. This removes the possibility of a connected graph containing a 
disconnected spanning forest. 
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1.1. The hypothesis of no cut-edge. It is well-known, and follows from one of the defini- 
tions of K{G) in Section 3, that for a connected graph G, the number /3(G) := \V\ — -I- 1 
of independent cycles in G gives an upper bound on the number of generators required for 
K{G)\ that is, 

/3(G) 

(1) K{G) = Zrf. 

where denotes the cyclic group Z/dZ {not the d-adic integers), and the di are positive 
integers (some of which may be 1). Our first main result asserts that the same bound on 
the number of generators holds for ii'(line G) when one assumes that G is 2 -edge- connected, 
that is, G is connected and contains no cut-edge. 

Theorem 1.1. When the simple graph G is 2 -edge- connected, the critical group ii'(Iine G) 
can he generated by P{G) elements. 

Note that one needs some hypothesis on the graph G for this conclusion to hold. For ex- 
ample, a star graph A'l „ (= one vertex of degree n connected to n vertices of degree one) 
has P{Ki^n) = 0. However, its line graph is the complete graph Kn and thus, according 
to Proposition 3.2 below, has critical group iC(line ii'i,„) = Z"~^, requiring n — 2 genera- 
tors. Theorem 1.1 is proven in Section 4, using a useful presentation of /•sr(linc G) given in 
Section 3.2. 

1.2. The hypothesis that degree sums of adjacent vertices are divisible by p. As 

K(]ine G) is a finite abelian group, its structure is completely determined once one knows, for 
each prime p, the structure of its p-primary component or p-Sylow subgroup Sy\p{K (line G)). 
Section 5 below proves the following stringent constraint on this p-primary structure, based 
on the largest power k{p) such that p'^'^P^ divides all of the sums degQ{v) -\- degQ{w) as one 
runs through all edges e = {v,w} in the edge set E of G. Here degQ(v) is the number of 
edges of G with v as an cndpoint; it is the degree of the vertex v. 

Theorem 1.2. Let G ~ {y,E) be a connected simple graph that contains at least one cycle 
of ever? length. Use the abbreviated notation K := ^(line G), and let p he a prime for 
which the quantity k(p) > 1. 
Then for G bipartite, one has 

i^/p'=(f)if = z;;fS"'®Zgcd(pMyi), 

while for G nonbipartite, one has 

{0 if p is odd, 

Z2 ifp = 2 and \V\ is even, 

Z4 if p = 2 and \V\ is odd. 



1.3. The regularity hypothesis. Our third class of main results deals with the situation 
where line G is regular, that is, all its vertices have the same degree. Say that a graph is 
d-regularii all of its vertices have degree d. It is an easy exercise to check that, for connected 
graphs G, one has line G regular only in these two situations: 

G itself is d-regular. In this case, line G will be {2d — 2)-regular. 



^This even length cycle need not be minimal. For example, a connected graph with two cycles Ci , C2 
of odd length will also contain a cycle of even length that traverses C\, follows a path from C\ to C2, then 
traverses C2 and follows the same path back to Ci . 
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• G is bipartite and {di,d2)-semiregular, meaning that its vertex bipartition V = 
Vi U V2 has all vertices in Vt of degree di for i = 1,2. In this case, line G will be 
{di + d2 — 2)-rcgular. 

Two classical theorems of graph spectra explain how the the numbers of spanning trees k{G) 
and K(line G) determine each other in this situation. The first is due originally to Vahovskii 
[20] and later Kelmans [11], then rediscovered by Sachs [7, §2.4], while the second is due 
originally to Cvetkovic [Ki, §5.2] (see also [l-''>. Theorem 3.9]). 



Theorem. Let G be a connected graph with line G regular. 
(Sachs) If G is d-regular, then 

(2) K(linc G) = 2^(G) 
(Cvetkovic) If G is bipartite and (di, d2)-semiregular, then 

(3) »,u„G)=<*±i|^g) „,G). 

These results suggest a close relationship between the critical groups K{G) and i^(linc G) 
in both of these situations. 

1.3.1. Regular graphs. We focus first on such a relation underlying Sachs' equation (2), as 
here one can be quite precise. 

The occurrence of the factor 2^^'^^ '^(G') within (2) suggests consideration of the edge 
subdivision graph sd G, obtained from G placing a new vertex at the midpoint of every edge 
of G. It is well-known that 

(4) K(sdG) ==2'3(G) ^(G), 

due to an obvious 2^''^-'-to-l surjective map from the spanning trees of sdG to those of G'^. 
Underlying this relation, Lorenzini [13] observed that the critical groups K{sdG) and K{G) 
also determine each other in a trivial way: KiG) has the form given in (1) if and only if for 
the same positive integers di, ^2, . . . , rf/3(G) o^ie has the following form for isr(sd G): 

/3(G) 

(5) if(sdG) = 0Z2d,. 

4=1 

See Proposition 3.2 below. In light of (4), one might expect that equation (2) generalizes 
to a short exact sequence of the form 

(6) O^Z^^'^^"^^i^(lineG)^A'(sdG)^0 

where Id denotes a cyclic group of order d. This is never far from the truth. After reviewing 
and developing some theory of critical groups and their functoriality in Sections 2 and 3 
below, we use functoriality to prove the following result in Section 6. 

Theorem 1.3. For any connected d-regular simple graph G with > 3, there is a natural 
group homomorphism f : /v(linc G) — > ^(sdG) whose kernel- cokernel exact sequence takes 
the form 

^ Z^/^^'^ © G ^ X(linc G) A A'(sdG) ^ G ^ 



■^More explicitly, there are exactly /3(G) edges that do not lay on a given spanning tree of G. Upon 
subdividing, there are 2''('^' ways to extend the resulting tree to a spanning tree of sdG. 
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in which the cokernel C is the following cyclic d-torsion group: 

if G is non-bipartite and d is odd, 
C = ^ Z2 if G is non-bipartite and d is even, 
lid if G is bipartite. 

It turns out that Theorems 1.1 and 1.2 interact very well with Theorem 1.3. When G 
is a d-regular simple 2-edge-connected graph, Theorem 1.1 implies that ii'(line G) needs 
at most PiG) generators, while Proposition 3.2 implies that K{sdG) requires at least /3(G) 
generators, forcing i<'(line G) to require either (3{G) — 1 or /3(G) generators. This shows that 
the exact sequence in Theorem 1.3 is about as far as possible from being split, and gives it 
extra power in determining the structure of i^(line G) given that of K{G) (and hence also 
K{sAG)). 

Even more precisely, it will be shown in Section 7 that when G is both d-regular and 
nonbipartite, Theorems 1.2 and 1.3 combined show that KiG) and /\(line G) determine 
each other uniquely in the following fashion. 

Corollary 1.4. For G a simple, connected, d-regular graph withd > 3 which is nonbipartite, 
after uniquely expressing 

PiG) 

KiG) - Zd, 

i=l 

with di dividing di+i, one has 

\ S? 7 lZ4d„G,-i®Zrf,,^, for\V\odd. 

1.3.2. Semiregular bipartite graphs. Section 8 uses functoriality to prove the following result 
analogous to Theorem 1.3 and suggested by Cvetkovic's equation (3). 

Theorem 1.5. Let G be a connected bipartite [di, d2)- semiregular graph G. Then there is 
a group homomorphism 

K{Yme G) A K{G) 
whose kernel- cokernel exact sequence 

(7) -> ker(5) -> if(line G) 4 K{G) coker(5) ^ 

/las coker(g) all lcm{di,d2) -torsion, and has ker{g) all ^^^|^^^^^^ lcm((ii, d2)-torsion. 

Note that this result describes the kernels and cokernels less completely than Theorem 1.3. 
Section 8 discusses examples illustrating why this is necessarily the case. 

Section 9 illustrates some of the preceding results by showing how they apply to the 
examples of complete graphs and complete bipartite graphs, as well as the 1-skeleta of 
d-dimensional cubes and the Platonic solids. 

1.3.3. Directed line graphs. The reader should compare our results with recent results of 
Levine [12] on the critical group of a directed line graph. If G is a directed graph, then the 
directed line graph CG is defined so that a pair of directed edges e and / of G are adjacent 
(and oriented from e to /) if the head of e is equal to the tail /. 

The critical group of a directed graph is defined as the torsion subgroup of the cokernel of 
the Laplacian matrix of G. Lcvinc proves [12, Theorem 1.2] that if G is a strongly connected 
Eulerian directed graph, then there is a surjective group homomorphism from the critical 
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group of CG to the critical group of G. Moreover, when the G is balanced and d-regular, 
the kernel of this homomorphism is the d-tosion subgroup of the critical group of CG. As 
can be seen from Theorem 1.3, we do not obtain such easily stated results in the undirected 
case. 

2. Some theory of lattices 

This section recalls some of the theory of rational lattices in Euclidean spaces and their 
determinant groups, along with functoriality and Pontrjagin duality for these groups, bor- 
rowing heavily from Bacher, de la Harpe, and Nagnibeda [1] and Trcumann [19]. In the 
next section, these constructions will be specialized to critical groups of graphs. 

2.1. Rational orthogonal decompositions. Consider K™ with its usual inner product 
(•,•) in which the standard basis vectors ei,...,e„i arc orthonormal. The Z-span of this 
basis is the integer lattice Z™. 

Definition 2.1. A rational orthogonal decomposition is an orthogonal R- vector space de- 
composition of R™ = © in which B^, are R-subspaces which are rational, that 
is, spanned by elements of Z™. 

Example 2.2. The main example of interest for us will be the following, discussed further 
in Section 3. If G = {V, E) is a graph with \E\ — m, then the space of 1-cycles together 
with its orthogonal complement, the space of bonds or 1-coboundaries, give a rational 
orthogonal decomposition R^ = R™ = B^(BZ^. Here one must fix an (arbitrary) orientation 
of the edges in E in order to make the identification R^ = R™. In the remaining sections, the 
basis element of R^ corresponding to an edge {u, v} of G oriented from u to u will sometimes 
be denoted e and sometimes {u,v), with the convention that {v,u) = ~{u,v) = — e in R^. 

An r-dimcnsional rational subspace A* C R™ inherits the inner product (•,•). The space 
A* contains two lattices of rank r, namely A := A^ n Z™ and its dual lattice 

A* := {x G A" : {x, A) e Z for all A e A}. 

Since (A, A) C (Z'",Z'") = Z, one has an inclusion A C A^. Their quotient is called the 
determinant group 

det(A) := A* /A. 

Given a rational orthogonal decomposition R™ = B^ © Z^, one obtains two determinant 
groups det(i3), det(Z), which turn out to be both isomorphic to what we will call the critical 
group 

K := Z"V(S © Z) 

of the rational orthogonal decomposition. Indeed, if -kb , t^z denote the orthogonal projec- 
tions from R™ onto B^, Z^, then these maps turn out to give rise to surjections from Z™ 
onto B"^ and Z"^, respectively, and which induce isomorphisms (see [1, Proposition 3]) 

det(B) ^ K ^ det(Z) 

B*/B ^ Z"V(B©Z) Z*/Z. 

One can compute the critical group K very explicitly as the (integer) cokernel of sev- 
eral matrices, for example via their Smith normal form. If the lattices B, Z have Z-bases 
{&!, . . . , ba}, {zi, . . . , zp} then let Mb, Mz, Mbbz be matrices having columns given by 
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{bt}f^i, {zj}j=i, {bi}f=i U {zj}j^^, respectively. The Gram matrices M%Mb, M^Mz ex- 
press the bases for _B, Z in terms of the dual bases for _B*, Z^, and hence 

K '^Z"'/{B (B Z) = cokerMBez, 
^ B*/B = coker(Af|,MB), 
= = coker(A4Mz). 

2.2. Functoriality. Suppose that one has two rational orthogonal decompositions R™* ~ 
Bf © Zf for i = 1,2, and an R-linear map / : -i- R"^ When does / induce a 

homomomorphism / : Ki K2 between their critical groups? 

It is natural to assume that / carries the integer lattice Z™i into Z'"^, that is, / is 
represented by a matrix in z™^^"'!. Note that this already implies that the adjoint map 
f* : ^ R"i with respect to the standard inner products will also satisfy /* (Z"^ ) c Z"i , 
since this map is represented by the transposed Z'"^^™^ matrix. 

What one needs further to induce homomorphisms of critical groups is that f{Bi) C B2 
and f{Zi) C Z2. The following proposition gives a useful reformulation. 

Proposition 2.3. For a linear map f : ]R"i M™^ satisfying /(Z"i) C Z™^ one has 

f{Bi) CB2^ f{Z2) C Zi ^ /(Zi) C Zf 

and 

/(Zi) C Z2 ^ fiB2) CBi^ /(Bi) C B*. 

Proof. All of the implications follow using the adjointness of /, /* with respect to the pairings 
on M"*! , M™2 ^ along with the definitions of B*, Z* and the fact that B, = Z^. □ 

When a linear map / : M'"i M'"^ satisfies all of the conditions in the previous propo- 
sition, we say that / is a morphism of rational orthogonal decompositions. It is clear that / 
then induces a homomorphism A'l — > K2 between the critical groups, denoted here also by 
/• 

Note the following property of such maps / for future use. 

Proposition 2.4. Any morphism f : M™i — > K.™^ of rational orthogonal decompositions 
intertwines the projection maps onto either Bf or Zf . That is, the following diagram 
commutes: 



f 



(8) 



1 j:t 2 

and the same holds replacing Bi by Zi everywhere. 
Proof. Given xi E W"^ and 62 e Bf, note that 

(7rs,(/(xi)),52) = (/(Xi),52) = (xi,/*(62)) = {TTBA^l),fib2)) = {f{^BA^l))M)- 

Since this equality holds for any test vector 62 G Bf, one concludes that tt^, (/(xi)) = 
/(7rBi(xi)). " " □ 
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2.3. Pontrjagin duality. Every finite abelian group K is isomorphic to its Pontrjagin dual 

K* := Homz(/v,Q/Z). 

This isomorphism is not, in general, natural (although the isomorphism K = K** is). 
However, for critical groups K = Z™/ {B © Z) associated with a rational orthogonal decom- 
position, the isomorphism comes about naturally from the pairing 

X Z" ^ Q 
{x,y) (7r(a;),7r(y)) 

where tt is either of the orthogonal projections ttb or ttz- This induces a pairing 

(•,•) : K X A'^Q/Z 

which is nondegenerate in the sense that the following map is an isomorphism: 

K ^ Homz(if,Q/Z) {=K*) 
^ ' X ^ {x, •). 

Pontrjagin duality is contravariant in the following sense. Given a homomorphism / : 
Ki K2 of abelian groups, there is a dual morphism /* : K2 — > given by /* (g) ^ go f. 
The next proposition asserts that this duality interacts as one would expect with morphisms 
of rational orthogonal decompositions. 

Proposition 2.5. For a morphism f : — > M™^ of rational orthogonal decompositions, 
Pontrjagin duality identifies /* with f* , in the sense that the following diagram commutes: 

(10) K2 — ^ A'l 



r 

Here the vertical maps are both Pontrjagin duality isomorphisms as in (9). 

Proof. Unravelling the definitions, this amounts to checking that if Xi G Z™' for i = 1,2, 
then one has (/*(a;2),xi) = {x2,f{xi)). □ 

This last proposition has a useful consequence. 

Corollary 2.6. For a morphism f : M™^ — )■ M™^ of rational orthogonal decompositions, the 
maps induced by /, /* on critical groups satisfy ker(/)* = coker(/*) and coker(/)* ^ ker(/*). 

Proof. Pontrjagin duality generally gives kcr(/)* = coker(/*) and coker(/)* = ker(/*), so 
this follows from Proposition 2.5. □ 

3. The critical group of a graph 

This section particularizes the discussion of critical groups from the previous section to 
the context of Example 2.2, that is, the critical group K{G) for a graph G = {V,E). It 
also recalls how one can use spanning trecs/forcsts to be more explicit about some of these 
constructions, and reviews for later use some other known results about critical groups of 
graphs. 

We will use the term "spanning tree" when discussing connected graphs and "spanning 
forest" when no connectivity is assumed. 
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3.1. Cycles, bonds, Laplacians, and spanning trees. Let G = {V,E) be a graph. 
After picking an orientation for its edges, the usual cellular boundary map from 1-chains to 
0-chains with real or integer coefficients 

is defined M- or Z-linearly as follows: A basis element e corresponding to an edge directed 
from vertex u to vertex v is sent to dcie) = +v — u. One considers the negative — e of this 
basis clement as representing the same edge but directed from v to u, which is consistent 
with 

9g(— e) = +u - 1) = -dcie). 

Elements in the kernel of Z'^ := kerc^c are called cycles, while elements in the perpen- 
dicular space := imc^^ are called bonds. Thus = © is a rational orthogonal 
decomposition associated with the graph G ~ {V, E), and we denote by K{G) the associated 
critical group. 

The lattice B of bonds is known to be spanned by the signed incidence vectors biVi, V2) 
of the directed edges that span across a cut (partition) y = Vi U V2 . The lattice Z of cycles 
is known to be spanned by the signed incidence vectors z{C) coming from directed cycles in 
G. 

If one wants a smaller Z-spanning set for one can take the vectors bcHv}, V \ {v}) 
for cuts that isolate single vertices; this vector bc{{v}, V \ {v}) is exactly the row vector of 
the X \E\ boundary map da indexed by v. To simplify notation, we will write 

bciv) :=5G(W,y\ W) 
for this bond, and we will call it the bond at v in G. In order to select out of this spanning 
set a Z-basis for B, one should omit exactly one vertex from each connected component of 
G. 

Here are a few consequences of these facts: 

(i) The Gram matrix M^Mb corresponding to the above mentioned Z-basis for B 
gives what is usually called a (reduced) Laplacian matrix L{G); the matrix Mb is 
obtained from Oq by removing the columns corresponding to the chosen vertex in 
each connected component of G. As a consequence, one has by Kirchhoff 's Matrix- 
tree Theorem (see, e.g., [21, Theorem 2.2.12]) that 

\K{G)\ ^ dct L(G) = k{G), 

the number of spanning forests in G. 

(ii) (The chip-firing/dollar-game/sandpile/Picard presentations for K{G)) 

Given a connected graph G = {V, E) with boundary map Z^ ^ Z"^, bond 
lattice B := im9*, and any vertex vq iii V, one has an isomorphism 

K{G) =^ coker(M|jA/B) 
^ coker(L(G)) 
^Z^\{''°>/L(G) 
= Z^/(Zvo+im (dGd'c)) 

I {'Lvo + daiB)) 

/ {'Lvo + 'L{dGbG{v\^v))- 
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Figure 2. A graph G and its edge subdivision sdG. 

(iii) For any vertex u of G, one has the relation 

{veV:{u,v}eE} 

in K{G) = 'L^I{B®Z). 

(iv) For any directed cycle mq — > iti -H- • • • — >• ui-i ug — uq in G, one has the relation 

e-i 

E(mj,Wj+i) = 

1=0 

in K{G) ^Z^/{B® Z). 
Fixing a particular spanning forest T for G allows one to simultaneously construct Z- 
bases of B and Z. Removing any edge e in the forest T creates a new connected component 
in the forest, say with vertex set Vg G V; ranging over all edges e in T, the signed incidence 
vectors bj for the cuts V ~ Ve U {V — Ve) form a Z-basis for B. Dually, adding any edge e 
in i? — T to T creates a unique cycle in T U {e}; ranging over all edges in E — T, the signed 
incidence vectors of these cycles form a Z-basis for Z. 

3.2. A presentation for iir(line G). Proposition 3.1 below gives a useful presentation 
for A' (line G) that is an immediate consequence of the last equation in assertion (3.1)(ii) 
above. It will be used both in the proof of Theorem 1.1 and in the analysis of K{\me Kn) 
in Section 9.1. 

Let G = {V,E) be a connected simple graph, so that line G = {Vunc c-E'iinc g) is also 
connected. Identify the vertex set V|ine G of the line graph of G with the edge set E of G. 
After picking arbitrary orientations for the edges of line G, consider the boundary map for 
line G: 

9unc G : ^Z"" (= Z^'-«). 

Proposition 3.1. Given a connected simple graph G ~ {V, E) and any edge bq in E, one 
has an isomorphism 

K{\mc G) ^ Z^/(Zeo + 5ii„e G(Bii„c g)) 

^ Z^/ (Zeo + Z(9iinc G &lino G(e)eG_E)) • 

3.3. Lorenzini's result on edge subdivisions. The edge subdivision of a graph G is the 
graph sd G obtained by creating a new midpoint vertex called uv for every edge {u, v} of G; 
that is, {w, u} is removed and replaced by two edges {u, uv}, {v, uv} in sd G. An orientation 
of G induces an orientation of sd G: If u is oriented towards v then u is oriented towards uv 
and tiu is oriented towards v. 

In [1.3] Lorcnzini first observed that the critical groups i^(sdG) and K{G) determine each 
other in a trivial way, using the description K = Z"^ jZ as we now explain. If {Gi, . . . , G/?} 
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is any set of directed cycles in G whose incidence vectors {z{Ci)}^^l S^^'^ ^ Z-basis for Zq, 
then one can subdivide those same cycles to obtain a Z-basis {^sdCilf^i ^sdG- One then 
checks that 

for each since the inner product counts (with signs) the overlap of edges between cycles 
Ci , Cj , and these overlaps double in size after the subdivision. Hence one has the following 
relation between their Gram matrices: 

(11) M*^aMsdG = 2M*aMG 

and the following simple relation between their cokernels, the critical groups: 

Proposition 3.2 (Lorenzini [ ']). Let G be a graph with f3 independent cycles. Expressing 
K{G) ^ ®f=i Zrf; for positive integers c?i,d2, ■ ■ ■ ,d/3 > 1, one has K{sdG) = ®f=i '^2di- 

It will be useful later to have an expression of this result in terms of explicit morphisms 
(as was done also in [13]). Consider the pair of adjoint maps defined E-linearly by 

{u,uv) I — > {u,v) 
{uv,v) I — > {u,v) 



{u,v) I — > {u,uv) + {uv,v). 

One can easily check that these are morphisms of rational orthogonal decompositions, 
and hence give rise to a morphism h : K{sdG) — ?• K{G) of critical groups. The relation 
(11) between the two (3 x (3 Gram matrices shows that the kernel-cokernel exact sequence 
associated to h takes this form: 

0—^ ker(/i) — ^ K{sdG) A K{G) 

0^ z^ ef=iZ2d. eti^d. -^0. 

Proposition 3.2 is equivalent to the assertion that K(sd G) can be generated by /S elements 
and fits into an exact sequence of this form, generalizing equation (4) from the Introduction. 

3.4. A non-standard treatment of the complete graph. Let Kn be the complete 
graph on n vertices. A celebrated formula of Cayley asserts that K{Kn) = (see, e.g., 

[8, Section 13.2]). Generalizing this to compute the critical group K{Kn) is a favorite 
example of many papers in the subject. We approach this calculation in a slightly non- 
standard way here, mainly because it will provide us with a crucial technical lemma for 
later use in Section 6.4. 

Proposition 3.3. The complete graph Kn has critical group 

Furthermore, in the presentation K{Kn) — lP j {B(BZ), a minimal generating set is provided 
by the images of any set of n — 2 edges which form a spanning tree connecting n — 1 out of 
the n vertices. 

Proof. Since Cayley's formula implies |if (i^„)| = |ZJJ^^|, it will suffice to show that K{Kn) 
is all n-torsion and that it can be generated by n — 2 elements as in the second assertion. 
Let [n] := {1, 2, . . . , n} denote the vertex set V for 
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To show K{Kn) is all n-torsion, given any directed edge e = in Kn, we will prove 
that n • e is equal to a sum of cycles and bonds. Indeed, we can take the sum of the directed 
cycles (i,j) + (j, /c) + for fc G [n] — {«, j}: ^-^id add the two bonds 

h{{i}, [n] - {^}) = (^, 1) + (z, 2) + ■ • ■ + (i, n) 

KH - {j}, {]}) = (1, j) + (2, j) + • ■ • + 

For the second assertion, let T be a collection of n — 2 edges that form a spanning tree 
connecting n — 1 out of the n vertices. By symmetry, we may assume that n is the vertex 
that is isolated by T. The edges of Kn can be partitioned into two sets, E{Kn-i) and 

{(^")}r=7- 

Any edge e in E{Kn-i) either lies in T or T U {e} contains a unique cycle that lets one 
express e in terms of the elements of T modulo Z{Kn-i), and hence modulo Z = Z{Kn)- 
For each 1 < i < n — 1, the bond 



bi := ^(*, j) = mod B, 



and it follows that 

Tt-l 

(i,n) = mods. 

The edges in the sum all belong to Kn-i and thus, according to the previous paragraph, 
can be written in terms of T modulo Z. It follows that (i, n) can be written in terms of T 
modulo B + Z. □ 



4. Proof of Theorem 1.1 

Recall the statement of Theorem 1.1: 

Theorem 1.1. When the simple graph G is 2 -edge- connected, the critical group A'(linc G) 
can be generated by (3{G) elements. 

The /3{G) generators will come from the set of edges in the complement i?\r of a carefully 
chosen spanning tree T for G. For this we introduce the following technical condition, which 
we have not encountered elsewhere. 

Definition 4.1. For a connected graph G = {V, E), say that a spanning tree T C E ior G 
has an absorption order in G if one can linearly order the union V UT of its vertices and 
edges in the following way: 

(i) The order begins with a vertex vq in V followed by an edge cq of T, such that cq is 
the unique edge of T incident to vq (so vq is a leaf-vertex of T attached along the 
leaf-edge eo). 

(ii) For every other vertex v in V \ {vq}, there exists an edge e = {v,w} such that w 
occurs earlier in the order than v, and the edge e either lies in E\T or occurs earlier 
in the order than v. 

(iii) For every other edge e in r\ {eo}, there exists a vertex v incident to e which occurs 
earlier in the order than e, and every other edge incident to v cither lies in \ T or 
occurs earlier in the order than e. 
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The relevance of an absorption order for a spanning tree is given by the algebraic con- 
sequence in the following proposition. Say that an orientation of the edges of a tree T is 
bipartite if, for every vertex v, the edges of T incident to v are either all oriented toward v 
or all oriented away from v. 

Proposition 4.2. Let G = (y,E) be a simple graph, and assume it has a spanning tree 
T <Z E which has an absorption order in G. 

Then the images of the basis elements in TP corresponding to the edges E\T not lying on 
T give a set of f3{G) generators for K{lme G), using the presentation from Proposition 3.1 

if (line G) ^ Z^/ (Zeo + ^line G(Ainc g)) , 

assuming that the orientation chosen for G restricts to a bipartite orientation ofT (although 
line G may be oriented arbitrarily) , and the edge cq is the designated leaf-edge ofT appearing 
second in the absorption order. 

To prove this, note the following crucial lemma: 

Lemma 4.3. When a connected graph G = (y^E) is oriented in a way that restricts to a 
bipartite orientation for a spanning tree T <Z E, then any edge e = {v^w} has 

bG{v) = ±bG{w) mod Ze + Z{E\T) + diincG{BnncG)- 

Proof of Lemma 4.3. Label the edges of G incident to v other than e by 

ei, . . . , Cp, Cp+i, ep+2, . . . , ep, 

V V ' 

in T in E\T 

and those incident to w other than e by 

hi ■ ■ ■ ) fq,Jq+li fq+2i ■ ■ ■ , Jq^ - 
in T in E\T 

With these notations, one then has 

Siine G^^iine G(e) = (ei - e) H h (ep - e) + (/i - e) H h (/q - e) 

^^^^ = (ei + • . • + ep) + (/i + • • • + /q) - (P + Q)e. 

Because the orientation of G when restricted to T is bipartite, 

6G(w) = ±(eiH h Cp) ± ep+i ± ep+2 ± ■ • • ± ep 

bciw) = ±(/i + ••■ + /,) ± ± /,+2 ± ■ • • ± /q. 

Comparison of (12) and (13) shows that one of the two expressions bG{v) + bG{w) or bciv) — 
bciw) differs from 9iinG G^iino G(e) by a Z-linear combination of the edges in 

{e} U {ep+i, ep+2, • • • , ep, fq+i,fq+2, • • • , fq}- 
Since the second set in the above union lies m E\T, the lemma follows. □ 

Proof of Proposition 4-2. One needs to show that the subgroup of Z^ defined by 

/ := 1{E \ T) + Zeo + ^Uno G(Aine g) 

is all of Z^. Since i? \ T is a subset of /, it is enough to show that every edge e in T lies in 
/. More strongly, one shows by induction on their location in the absorption order for T, 
that not only does every edge e in T lie in /, but also every vertex v in V has 6g(w) lying 
in /. 
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Figure 3. Graphs with open and closed ears. 



The base case for this induction deals both with the first vertex vq and the first edge eo, 
which come at the beginning of the absorption order. Since vq is a leaf vertex of T along the 
edge eo, one has &g(vo) in /, since the only edges incident to vq are eg and edges oi E \ T. 
For the edge eo, note that it trivially lies in /. 

In the inductive step, the next element in the absorption order is either a vertex v ^ vq 
or an edge e ^ eo. 

If the next element is a vertex v ^ vq, then by Definition 4.1(ii), there exists an edge 
e = {v,w} for which bciw) lies in / by induction, and either e lies in E' \ T (so that e is 
in /) or e is earlier in the order than v (so that e is in / by induction). Hence Lemma 4.3 
shows that bciv) also lies in /. 

If the next element is an edge e eo, then by Definition 4.1(iii), there exists a vertex v 
incident to e for which bciv) lies in / by induction. Note that bQ{v) is a ±1 combination of 
all the edges e' incident to v, and all of these other edges e' ^ e either have e' in i5 \ T (so 
that e' is in I) or e' is earlier in the order than e (so that e' is in / by induction). Hence e 
also lies in /. □ 

To show that 2-edge-connected graphs G always have a spanning tree T with an absorp- 
tion order, we recall the well-known reformulation of 2-edge-connectivity in terms of ear 
decompositions; see e.g., [21, Definition 4.2.7]. 

Definition 4.4. Let G = {V, E) be a simple graph. An ear of G is a walk that alternates 
(incident) vertices Ui and edges Ci 

(14) V := ui, ei, U2, e2, . . . , , ei, ui+i w 

such that the internal vertices U2, . . . ,ui are each of degree 2 in G. If u 7^ w, it is called an 
open ear (and necessarily £ > 1), while if w = w, it is called a closed ear (and necessarily 
£ > 3, because G is simple). 

An ear decomposition of G is a decomposition of its vertices and edges 

Po U Pi U • • • U Pfe 

such that Po is a cycle, and for 1 < i < A;, Pi is an ear of Po U Pi U ■•• U Pi. 

Proposition 4.5 ([21, Theorem 4.2.8]). A graph is 2-edge-connected if and only if it has 
an ear decomposition. 

In light of Proposition 4.2, the following result implies Theorem 1.1. 

Proposition 4.6. Let G ~ {V, E) be a simple 2-edge-connected graph. Then G has at least 
one spanning tree T <Z E with an absorption order in G. 
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Proof. Induct on the number k of ears in an ear decomposition Pq U Pi U • • • U Pfe for G. 

In the base case fc = 0, the graph G = Pq is a n-cycle. Label its vertices V = 
{vo, Wi, • ■ • , fn-i} and edges E ~ {eo, ei, . . . , e„_i} so that e,; = with indices 

taken modulo n. Then one can easily check that T = {ep, ei, . . . , e„_2} is a spanning tree, 
and (wg, eg, Wi, ei, . . . , Vn-2, e„_2, Wn-i) is an absorption order for T in G. 

In the inductive step, one may assume that G~ := Pq U Pi U • • • U Pk-i has a spanning 
tree T~ with an absorption order in G~ . Choose the labelling of the endpoints v,w oi the 
ear Pk so that v comes weakly earlier than w in the absorption order for T~ , where the 
vertices and edges of Pfe are labelled as in (14). Extend T~ to 

T := U {u2,U3, ...,Ui} 

which is easily seen to be a spanning tree for G. One extends the absorption order for 
in G~ to one for T in G by inserting the subsequence 

(15) (U2, 62,^3, 63, U4,...,U£,e£) 

into the absorption sequence for T~ in one of two possible locations, depending upon whether 

V and w are the initial vertex vq of the absorption order of T", or not. 

First we assume that Pfe is an open ear (that is, v w) ot Pfe is a closed ear with 

V ^ w ^ Vq. In this case, one can check that inserting the subsequence (15) immediately 
after v in the absorption order for T~ in G~ gives an absorption order for T in G. 

In the case that Pfe is a closed ear with v = w = vq, one checks that inserting the 
subsequence (15) at the very beginning of the absorption order for in G~ gives an 
absorption order for T in G. Note that 7/2,62 become the "new" wo,6o in this absorption 
order. □ 



We remark that the converse of Proposition 4.6 is false. For example, one can check that 
the simple graph G on vertex set V = {1,2,3,4} with edges {12,13,23,34}, which is not 
2-edge-connected, does have an absorption ordering for any choice of a spanning tree T in G. 
We have not investigated extensively the problem of characterizing which graphs G contain 
a spanning tree T with an absorption ordering. 



5. Proof of Theorem 1.2 

For a prime p let k{p) be the largest integer such that p'^(p) divides all of the sums 
degQ{v) + degQ{w) as one runs through all edges 6 = {?;, w} in the edge set E of G. The 
goal of this section is to give a proof of Theorem 1.2, which we now recall. 

Theorem 1.2. Let G ~ (ViE) be a connected simple graph that contains at least one cycle 
of even length. Use the abbreviated notation K := KiVme G), and let p be a prime for which 
the quantity k{p) > 1. 

Then for G bipartite, one has 



while for G nonbipartite, one has 

if p is odd, 



7'3(G)-2 ^ ) ^2 

Z4 if p — 2 and \V\ is odd. 



K/p'^^P^K = I'J^J^''^ ®{ZI if p = 2 and \V\ is even. 
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Proof. One works again with the presentation from Proposition 3.1 

K := if (line G) = Z^/ (Zeo + Z (^lino cbune G{e)),^E) 
for some choice of an edge cq in E. Given a vertex v in V, let Sg{v) denote the element of 
Z^ which is the sum with coefficient +1 of the basis elements in Z^ corresponding to edges 
incident with v. Given any edge e = {v,w} in E, reasoning as in equation (12), one finds 
that 

9iino chine G(e) = (5g(w) + ^g(w) - {dcgQ{v) + degQ{w))e. 
Letting q :— p^'^P\ one has therefore in K/qK the relation 

dlinc G^lino G(e) = 5g{v) + 5g{w) 
and one can write a presentation for K/qK as 

(16) K/qK = Zf / (Zgeo + Z,((5g(«) + 5g{w)),^{,^^}^e) ■ 

We now make a particular choice of the edge cq for this presentation, and exhibit a subset 
of E having size /3(G) — 2 or /3(G) — 1 which will represent Zg-linearly independent elements 
in K/qK . Because G contains an even-length (not necessarily minimal) cycle, it is possible 
to choose an edge eg in E which lies on a minimal cycle, so that £'\ {eg} still connects all of 
V , and so that E \ {eo} contains at least one odd cycle in the case where G is nonbipartite. 
Now, in the bipartite case, pick S* C E' \ {eg} to be minimal with respect to the property 
that S connects all of V . In the non-bipartite case, pick S to be minimal with respect to the 
following three properties: first, S must connect all of V] second, S must contain a unique 
cycle; and third, this cycle must be of odd length. This means that when G is bipartite, 
5 is a spanning tree that avoids cq, and when G is nonbipartite, S* is a unicyelic spanning 
subgraph that avoids eg, whose unique cycle G is of odd length. 

We first wish to show that, in either case, the images of the elements E\S \ {eo} are Z^- 
linearly independent in the presentation (16); note that this set E\S \ {eo} has cardinality 
/3(G) — 1 when G is bipartite, and cardinality /3(G) — 2 when G is nonbipartite. 

So assume that E\S \ {eg} are Zg-linearly dependent in K/qK. Grouping the Zg- 
coefficients Cv in front of each 5g{v)^ one would have a sum X^ugy Cv5g{v) lying in Z^eo -|- 
'Lq{E \ S\ {eg}). Thus this sum should have zero coefficient on every edge e = {t',w} in 
S, implying that = —Cw for every such edge. Because 5* is a spanning set of edges, this 
forces the existence of a constant c in Zg for which every i; in ^ has Cy = ±c. In fact, 
when G is bipartite with vertex bipartition V = Vi UV2, this forces c„j ~ c ~ -~c^2 fo^' 
vi in Vi and V2 in V2, while for G nonbipartite, the existence of the odd cycle G inside S 
forces = c = — c for all v m. V . In either case, this means that = —c^ for all edges 
e = {v,w} in E, and hence the sum '^y^y CvSg{v) is actually zero in Z^. Thus the linear 
independence is trivial. 

It only remains now to analyze the quotient 

(17) Z,{E\S\{eo}) = ^^'^^ ^ + ^'^^""^"^ + SG{w)),={.^^}eE) ■ 

Note that when m is odd, for any sequence of vertices vo,vi, . . . , Vm-i,Vm one has a tele- 
scoping alternating sum 

(-1)' {SgM + SGiv,+i)) = Sg{vo) + SgM- 

1=0 

Also note that S will contain paths of edges of odd length between 
• every pair {vi,V2) in Vi x V2 when G is bipartite, and 
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• every ordered pair (v^w) in V x V when G is nonbipartite. 
Thus, in either case, one has 

Using this last equation, one can rewrite the quotient on the right of (17) as 
(18) Zl/Z,{Ss{v) + <55(w^))e={.,^„}es 

where here we regard S itself as a graph, namely the edge-induced subgraph of G = {V, E) 
having the same vertex set V and edge set 5 C E'. 

Note that this last expression in (18) does not depend upon the ambient graph G, but 
only on the subgraph 5*. We therefore rename it Kq{S) to emphasize this dependence on S 
alone. It remains to analyze this group Kq{S) in both the bipartite and nonbipartite cases. 
Case 1: G is bipartite (and hence so is S). It follows that S* is a spanning tree on V, with 
vertex bipartition V = ViUV2- By the above discussion, 

Kq{S) = Z^/Zg((5s(u) + (5s(t«))(t,i.t,2)GV'ixV2 

= ^q/'^q I X! ^^^s{v) ■ ^ = ^ in Zg 1 . 
\vev viGVi v2eV2 / 

We first show by induction on \S\ that Kq{S) is cyclic, generated by the image of any leaf 
edge e of S*, that is, an edge e incident to some leaf vertex v having deg5('(;) = 1. The base 
case 15*1 = 1 is trivial. In the inductive step, pick another leaf edge e' in S] we will show it 
has image in the quotient Kq(S) jlqe. If e' is incident to leaf vertex w', then for any c in 
Zg, one has 

e' + ce = ^siv') + C(5s(v). 

Taking c—~\ (respectively +1) when w, v' lie in the same (resp. different) set V\ or V2, one 
obtains an element that is zero in Kq{S), and hence e' = in Kq{S)/Zqe. Now, replacing 
S' by S'\ {e'}, one can induct on completing the inductive step and showing that Kq{S) 
is generated by e. 

We next analyze the order of this cyclic generator e within Kq{S). We claim that c-e = 
in Kq{S) if and only if c lies in \V\1q. This would finish the proof in the bipartite case, 
as it would show that Kq{S) is isomorphic to the subgroup of Zg generated by the element 
\V\. This subgroup is isomorphic to 'Zgcd(q,\v\)j where q = . Hence this would imply 
K/qK = lPJ^J~^ ® \cd(pMP),n/|), as desired. 

To see the claim, assume that c • e = in Kq{S) for some c in Z^. This means one has a 
sum Y^v^v (^vSciv) = c • e in which J2vi£Vi = Y.V2£V2 ^-"2- This happens if and only if 
the sum has zero coefficient on all edges e' in S* \ {e}. If e = {v,w} with the leaf vertex v 
lying in Vi, and w in V2, this means Cy^ = = —Cy^ for all v\ ^V\ \ \y] and W2 G V2 \ {w\- 
Then the condition Yuv^av^ ^di = Y.V2(iV2 '^■"2 forces 

+ (|Fi|-l)(-C,„) = |F2|(c,„) 

i.e., Cy = (|V^| — VjCyj. Hence this can occur if and only if c = c^, + = |y|cu,, that is, if c 
lies in \V\Ijq. 
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Case 2. G is nonbipartite (and hence so is S). In this case S* is a spanning unicychc graph, 
whose unique cycle C is of odd length. By the above discussion, 

Kq{S) = Z^/Z,((5s(w) + 5s{w))i^^^yj)(,vxv 

= / i ^ cJs{v) : ^ c„ e 2Z, \ . 
\vev v^v J 

Thus, if one defines the tower of Z-lattices (i.e., free abelian groups) 

L := Z^ D M := 'L{5s{v)).,^v 3 ^ - S I] ^v5s{v) : ^ e 2Z I , 

luey vev J 

then one has a short exact sequence 

^ ^ TV ®z Zq ^ iV ®z ~^ M ®z ^ 

(A//7V)(»zZ, (L/M)i8)zZ, 

Here we have used on the two ends of the sequence the facf* that for any pair of nested 
abelian groups B C A, one has 

{A ®z Zg) I {B ®z Z,) ^ (A/B) ®z Z,. 

Furthermore, it is easy to see that both M/N and L/M are isomorphic to Z2: 

• The isomorphism M/N = Z2 comes from choosing any Z-basis for the lattice M, 
thus identifying i\/ = Z'^ and noting that under this identification, N is identified 
with the index 2 sublattice {a; e Z'^' : J2v<ev -^^ ^ 

• The isomorphism L/AI ^ Z2 is equivalent to the assertion that the square (un- 
signed) edge-node incidence matrix having columns indexed by the nodes V and 
rows indexed by the edges S will have determinant ±2. This is a well-known fact 
for connected unicyclic graphs S whose unique cycle C is odd; see, e.g., [IS, p. 560, 
proof of Thm. 3.3]. It is easily proven by first checking that the determinant is 
scaled by ± 1 when one removes a row and column corresponding to a leaf edge and 
its incident leaf vertex in S. This reduces the assertion to the case where S* = C is 
just an odd cycle itself, where the determinant can be calculated directly via Laplace 
expansion. 

Hence both of the outer terms {M/N) ®z Z^, {L/M) ®z TL^ in the short exact sequence 
(19) are isomorphic to Z2 igJz Iq-, which vanishes for p odd and equals Z2 for p = 2. Thus 
(19) shows that Kq{S) vanishes for p odd, and shows for p = 2 that Kq{S) is either Z2 or 
Z4. To distinguish these possibilities when p = 2, we analyze the additive orders of each 
edge e in S as elements of Kq{S). 

Note that for any leaf edge e in S, say with leaf vertex v, one has e = Ss{v), and hence 
2e = Ss{v) = in Kq{S). Thus using a leaf- induction, one sees that any edge e in S* \ C has 
2e EE in A',(^). 



^That is, taking tensor products (—)i^i'Lq is right exact, so when applied to the exact sequence 

B ^ A-^ A/B -> 

it gives the exact sequence 

B ( 
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Figure 4. The action of / on a single edge of line G. 

Meanwhile, we claim that for any edge e = {w, w} in C, one has c • e = in Kq{S) if and 
only if \V\ ■ c lies in 4Zg. To see the claim, assume that c • e = in Kq{S) for some c in 
Zq. This means one has a sum J2vev '^^^g{v) = c • e with X^^ev ^ ^^9- This happens 
if and only if the sum has zero coefficient on all edges e' in 5* \ {e}. Applying this for the 
edges e' in C \ {e}, one concludes that Cy = c„,, and hence c = c^, + c„, = 2cu. Applying 
this for the remaining edges e' in 5 \ C, one concludes that Cw = ±Ci, for all w in V. But 
then the condition that '^^^y lies in 2Zq means that \V\ ■ Cy also lies in 2Zg, i.e., that 
\V\ ■ c ~ 2\V\ ■ Cy lies in 4Zq. One concludes that edges e in C have order 2 when \ V\ is even, 
and order 4 when \V\ is odd. Since every edge e in 5 \ C has 2e = in Kq{S), this implies 
Kq{S) ^ Z^ when \V\ is even and Kq{S) ^ Z4 when \V\ is odd. □ 

6. Proof of Theorem 1.3 

Recall here the statement of Theorem 1.3. 

Theorem 1.3. For any connected d-regular simple graph G with d > i, there is a group 
homomorphism 

K{\me G) 4 A'(sdG) 
whose kernel- cokernel exact sequence takes the form 

^ Z;^'^^"^ © C ^ A' (line G) A K{sdG) ^C^O 
in which the cokernel G is the following cyclic d-torsion group: 

{0 if G is non-bipartite and d is odd, 
Z2 if G is non-bipartite and d is even, 
Zd if G is bipartite. 

6.1. Defining the morphism /. We begin our proof of the theorem by first defining a 
linear map / : R^""<= R^^"* which will turn out to be a morphism of rational orthogonal 
decompostions. 

Definition 6.1. Define a R-linear map / : R^""'' « R^^^g by setting 

f{uv,vw) = (uvjv) + {v,vw) 

for every pair of edges {u, v}, {v, w} of G incident at some vertex v (see Figure 4). Equiva- 
lently, the adjoint map /* is defined by 

f*(uv,v) ~ {uv,vw). 
weV:{v,w}eE 

The following definitions and lemma will be useful both for showing that / gives a mor- 
phism, and in our later analysis. 
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Definition 6.2. Given a directed cycle 

C = {{vi,V2), (W2,W3), ■ • ■ , (Wm-l,Wm), (Wm,Wl)} 

in G, let 

sdC {(ui,WlW2), (wiW2,W2), (V2,W2W3), (U2W3,U3),. . .} 
line C := {(wiW2, W2'y3), W3t'4), ■ • • , (Wm-lWm, WmWl), ("m^'l , W1W2)} 

denote corresponding cycles in sd G, line G. 

Cycles in line G of the form line G where G is a cycle of G will be called global cycles. A 
cycle in line G will be called local (to vertex v) \l every vertex ViVj of line G visited by the 
cycle has v € {vi,Vj}. 

Lemma 6.3. Let G be a graph, and let {G} be a set of directed cycles indexing a spanning 
set {z{C)} for the cycle space Zq. Then 

(1) ^sdG &e spanned by the incidence vectors {z(sdG)} of the associated subdivided 
cycles, and 

(2) Ziino G will be spanned by the incidence vectors {z(line G)} for their associated global 
cycles together with all local cycles. 

Proof. Assertion (1) of was implicitly used in Section 3.3, and should be clear either from 
elementary algebraic topology or from the discussion of bases for coming from spanning 
forests at the beginning of Section 3.1. 

For assertion (2), given any directed cycle in line G, put an equivalence relation on 
its edges by taking the transitive closure of the following relation: two consecutive edges 
{uv,vw), (vw,wx) in the cycle are equivalent if there exists a vertex y oi G contained in 
{u,v} n {v,w} n {Wjx}. The global cycles in line G are by definition those in which the 
equivalence classes for this relation all have cardinality two (N.B.: here one is using the 
assumption that G is simple) . Given a cycle z in line G that contains equivalence classes of 
size at least 3, it is easy to see that one can always add a local cycle to z and reduce the 
number of such equivalence classes: if the equivalence class and its neighbors in z correspond 
to these terms 

h {abi,ybi) + {ybi,yb2) + (2/62, 2/63) H h (y&t-i, ybt) + {yh, btc) H 

where a,c ^ y, then subtracting the local cycle 

{ybi,yb2) + {yb2, yh) H K {ybt~i,ybt) + {ybt,ybi) 

gives a result that looks locally like 

• • ■ + {abuybi) + {ybi,ybt) + (ybt, he) + ■■■ . □ 

Corollary 6.4. For any d-regular simple graph G, the map f : R^i.noG _^ RBsdG from 
Definition 6. 1 is a morphism of the associated rational orthogonal decompositions, and hence 
induces a group homomorphism 

f : K{\ine G) ^ K{sdG). 

Proof. By Proposition 2.3, one must show both /(Zuno g) C ZgdG a-nd /*(2^sdG) C 2^iinc G- 
To show /(^line g) C Zgdc, using Lemma 6.3(ii), it suffices to show that / takes both 
global and local cycles in line G to cycles in ZgdG- This is easy (and requires no assumption 
about the c?-rcgularity of G): local cycles map to under /, and a global cycle of the form 
line G satisfies /(z(line G)) = z(sdG). 
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Figure 5. An example of a subdivided cycle in sdG, and its image under 
/* in line G when G is 3-regular. 

To show /*(^sdG) C ^lino Gi usiug Lcmma 6.3(i), it suffices to show for every directed 
cycle C in G that / takes the subdivided cycle 

z(sdG) = {VIV2,V2) + (W2,W2W3) + (t'2f3,W3) + {.V-i,ViVA) H h (wfcWl,Wl) + {vi,ViV2) 

to a sum of cycles in Zi^^^ g- The regularity of G implies that each Vi has d — 2 neighbors 
off the cycle; label them u\, . . . , uf^'^. Then one can write 

(/*)(z(sd C)) = 2z(linc C) + Ci + • • ■ + Cd-2 

where for j — 1,2, ... ^ d — 2 one defines the element of Znno g 

(j := {viV2,V2U?^) + {V2U{,V2V3,) + {v2VZ,Vs,u{) + {V'iul,V:iVi) H 

+ {vkVl,Vlu\) + {viu{,VlV2). 

An example with c? = 3 is shown in Figure 5, depicting the subdivided cycle sdC in sdG, 
and then its image under /* in line G, which decomposes into 2 copies of the inner cycle 
line G along with f (= c? — 2) outer cycle C,i. □ 

6.2. The kernel and cokernel of / are d-torsion. 
Proposition 6.5. For any d-regular connected graph G, both maps 

ff : K{\mc G) ^ A" (line G) 
//* : A"(sdG) ^ A:(sdG) 

are scalar multiplications by d. 
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Proof. The proofs of these are straightforward computations: 
ff{uv, vw) = fiuv, v) + f(v, vw) 

= {uv,vx) + {xv^vw) 

xeV:{v,x}i^E 

^d-{uv,vw)+ {{uv^vx) + {xv,vw) + [vw^uv)) 

x£V:{v,x}i^E 

= d ■ {uv, vw) mod Znac g- 
ff{uv,v)= ^ f{uv,vx) 

x£V:{v,x}£E 

= {uv,v) + {v,vx) 

xeV:{v,x}eE 

= d-{uv,v)+ {v,vx) 

x£V:{v,x}£E 

= d ■ {uv,v) mod BsdG- D 

Corollary 6.6. For any d-regular connected graph G, both ker(/) and coker(/) are all 
d-torsion. 

Proof. For x G ker(/) and y 6 coker(/), one has 

d-x = ff{x)^f\0)=0, 

d-y^ff{y)eim{f). □ 

6.3. Analyzing the cokernel. 

Proposition 6.7. For any d-regular connected graph G, the group C := coker(/) is a cyclic 
group as described in Theorem 1.3. 

Proof. We win use the presentation 

(20) C coker(/) A'(sdG)/im(/) = Z^-«/ (S.dG + ^sdG + ini(/)) , 

which foUows from our first definition of the critical group (as in Section 2). 

To sec that C is cychc, note that there are two ways for a pair of edges in sd G to be 
incident at a vertex, and in either case their images in C wiU differ by a sign: 

{u,uv) = —{uv,v) mod SsdGj 
(uv,v) = —{v,vw) mod im(/). 

Since G is connected, this shows C is cycHc, generated by the image of any directed edge 
of sdG. Furthermore, it is a quotient of by CoroUary 6.6. 

When G is bipartite, in order to show C = Z^;, it will suffice to exhibit a surjection 
C "Ld- Let the vertex set V for G have bipartition V = Vi\JV2 and assume that all the 
edges of G are oriented from Vi to V2. Define an abelian group homomorphism 

(f>:Z^"'^ ^Z, (/)(i'i,vif2) = ?i(wii'2,V2) = 1, 

where Vi G V[ for = 1,2. One can check that each of the three subgroups Bsdo, Zgdo, iin(/) 
by which one mods out in (20) is mapped via (/) into the subgroup dZ: 

• Any directed cycle C in sdG has (f>{z{C)) = (due to the fact that C will have even 
length). 
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• any edge e of line G has (j){f{e)) = 0, 

• any vertex viV2 in sdG has 4>{bsdG(viV2)) = 0, 

• any vertex Vi in sdG has 0(6sd G(^^i)) — i^^Y^^d, where i = 1,2. 

Thus (j) induces a surjection from C onto Z^;. as desired. 

If G is not bipartite, it contains some (directed) odd cycle C. Pick any directed edge e 
in the subdivision sd C and use the two relations (a) , (b) to rewrite it successively as ± the 
other directed edges in the cycle. It changes sign each time one uses (a) to pass through a 
vertex of sd C that comes from an edge of G. Since there are an odd number of such edges 
in the cycle, it will change sign an odd number of times before it returns, yielding 

e = — e mod Bgdo + 

Hence 2e = in C, so C is a quotient of Z2. 

Since C is also a quotient of Zd, when d is odd, one must have C = 0. When d is 
even, consider the index 2 sublattice A of Z^"'"^ consisting of those vectors whose sum 
of coordinates is even. Without any parity assumption on d, it is true that im(/) C A 
(by definition of /) and Zsdc C A (because the subdivided cycles sdC have evenly many 
edges). The assumption that d is even implies that Bgdc ^^so lies in A: Bsdc is generated 
by the bonds in sdG of the form bsdciv) for vertices v of sdG, and every vertex in sdG 
has degree either 2 or d. Consequently, the presentation (20) shows that G surjects onto 

^S^dg/A^Zs. □ 

6.4. Analyzing the kernel. It remains to understand ker(/), or equivalently by Proposi- 
tion 2.6, to understand its Pontrjagin dual 

(21) coker(/*) = Z^"- (Zu„e g + ^linc G + im(/*)) . 

This will come about by reformulating this presentation, in order to analyze it locally. 

Definition 6.8. For each vertex f G of a d-regular simple graph G = {Vg,Eq), define 
inside line G the d-clique local to v 

to be the vertex-induced subgraph of line G on the vertex set 

ViK^^"^) {vw : vw e Eg}- 
Note that the edges of line G form a disjoint decomposition 

(22) EnnoG^ U EiKl,"^) 

vGVg 

since G was assumed to be a simple graph. Also note that a cycle in line G is local to vertex 
V, as in Definition 6.2, if and only if it is supported on the edges E{kI^'^). If one lets Zf^°^°^ 
be the span of global cycles {znne c} coming from any spanning set of cycles {zc} for Zg, 
then Lemma 6.3 (ii) implies 

7 ylocal I yglobal 

^linc G — ^linc G + ^linc G" 

To simplify the presentation (21), note that for a vertex vw of line G, the bond 

^lino g{vw) = f{vw, V) + f{vw, W) 
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lies in im(/*), and consequently, Bunc g C im(/*). Note also that the decomposition (22) 
leads to a family of compatible direct sum decompositions 



S(if<'") 



veVa 

ylocal /^T\ y 

^line G — tl7 '^K*"' 



vGVg 



This gives the simplified presentation 



coker(/*) = ( Z^(^t')/ (s^,, + z^,.,)] /Z^l 

(23) ^ ' ^ 

- A^(i^r) /^ita- 



We use this presentation to prove the following lemma, which together with Proposi- 
tion 6.7 immediately implies Theorem 1.3. 

Lemma 6.9. For a connected d-regular graph G, 

ker(/) = Z^^°'-' © C 

where C := coker(/) is as described in Theorem 1.3. 

Proof. We claim that it suffices to prove these two bounds on kcr(/): 

(i) There is a surjection kcr(/) -» iPJ^'^'^ ^ and, 

(ii) ker(/) can be generated by /3(G) — 1 elements. 

To see this claim, note that since kcr(/) is all d-torsion by Corollary 6.6, assertion (ii) 
would imply a surjection ^ -» kcr(/). Together with (i), this would imply ker(/) = 

© C" for some cyclic group C . But then exactness of the sequence 

^ ker(/) ^ if(line G) -4 K{sdG) coker(/) ^ 

forces 

(d'^^^'-^IG'l) |/v(sdG)| = |A'(linc G)||G|. 

From this equation and equation (2) one deduces |G'| = |G|. Since both G' and G arc cyclic, 
this means G' = G, as desired. 

In the proofs of assertions (i) and (ii), one uses the fact that kcr(/) = cokcr(/*). Moreover, 
setting n :~ \Vg\, one can rewrite the direct sum from (23) as 

(24) ^K{K^/^)^^Zi^'^zT-'^. 

v£Vg v£Vg 

For assertion (i), we use some easy numerology. Note that 2^^°^"^ can be generated by 
/3(G) elements, and also that 

/3(G) = |i^o|-|^c| + l = ^-n+l = ^^ + l 
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SO that 

n{d-2)~f3{G) = /3(G) -2. 
Since it is easily seen that that any quotient of an abchan group ZJ^ by a subgroup that 
can be generated by b elements will have a surjection to one can apply this with 

a ~ n{d~ 2) and h — P{G) to the presentation (23), and conclude that there is a surjection 
coker(/*) ^Z^^°^"'. 

For assertion (ii), the idea will be to start with the 

n(d - 2) = 2(/3(G) - 1) 

generators in (24). and use (all but one of) the /3(G) generating global cycles in Zf^"^'^^ 
to rewrite them in terms of other generators, with /3(G) — 1 generators left. This will be 
achieved by removing the vertices from G one at a time in a certain order, in order to control 
the rewriting process. 

To this end, order the vertices Vg as ui, U2, • . • , Wn in such a way that the vertex-induced 
subgraphs 

Gi := G \ {wi,W2, • ■ ■ 

(so Gi :~ G, and G,i has one vertex u„) 

satisfy 

di := degg. (wi) < d for i > 2. 
For each i > 1, partition the di neighbors Vi in Gi into blocks Ai,A2,... ,Ac^ according to 
the connected components of G^+i in which they lie. The number Ci of such components 
coincides with the number of connected components in G^+i into which the connected 
component of Vi in Gi splits after removing Vi. Define 

A, :-d,-c, =/3(G,)-/3(G,+i), 
where the last equality follows from the Euler relation for graphs: 

\Vg\ — \Eg\ = [{connected components of G}| — |/3(G)|. 

Consequently, 

Ai + A2 + • ■ • + A„_i = /3(Gi) - /3(G„) = /3(G). 
Our goal will then be to find A,j minimal generators of (24) to remove at each stage i > 2 
(and at the first stage i = I, remove one fewer, that is, Ai — 1 = — 2 of them). This 
would leave a generating set for coker(/*) of cardinality 'n{d — 2) — {P{G) — 1) = /3(G) — 1, 
as desired. 

For I > 2, inside the clique i^^^"'' local to Vi, choose a forest Fi of edges having Ci com- 
ponents which are spanning trees on each of the subsets {viX : x & Aj} for j = 1, 2, . . . , c^. 
Note that 

m = Y.^\A,\-i) = d.,-c,^^,. 

i=i 

Also note that the forest Fi manages to avoid touching at least one vertex in the d-clique 
Kj^^\ namely any vertex of the form ViVk in which {viVk} G Eg and k < i; there will exist 
at least one such k since by construction, degg. (vi) — di < d = degQ{vi). 

Hence by Proposition 3.3, the edges in Fi give Ai generators that could be completed 
to a set of d — 2 minimal generators for K{Kj^''^) = Each of these generators in Fi 

can be re- written, using a cycle in Z^^°^'^q, in terms of generators from X(is:('"=))'s that have 
A: > i, as follows. Given any edge {viX,Vix') in Fi, there is a path from x to x' in Gi+i 
(because x,x' lie in the same component of Gj+i by construction), and hence a directed 
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Figure 6. A 3-regular connected graph which is not 2-edge-connected. 

cycle C in Gi going from Vi to x then through this path to x' and back to w;. The global 
cycle z(line C) allows one to rewrite {v ') as desired. 

The only difference for « = f is that, even when Ai = d—1 (that is, when ci — \), in this 
situation choose Fi to have at most d — 2 edges (that is, remove any edge from the forest 
Fi if ci = 1). This modification ensures that one can still apply Proposition 3.3 and rewrite 
all of the generators of K{K^^^^) corresponding to the edges of i^i. □ 

Remark 6.10. One should remark that for a connected, d-regular graph G, the extra 
hypothesis in Theorem 1.3 that G is 2-edge-connected is well-known (see, e.g., [9]) to be 
superfluous when d is even: a connected graph G with all vertices of even degree cannot 
have a cut-edge, as the two components created by the removal of this edge would each be 
graphs having exactly one vertex of odd degree, an impossibility. 

However, when d is odd, the extra hypothesis of 2-edge-connectivity need not follow. For 
example, the 3-regular graph shown in Figure 6 is connected, but not 2-edge-connected. 

7. Proof of Corollary 1.4 

In this section we prove Corollary 1.4. Informally, the corollary states that critical group 
of G determines the critical group of line G in a simple way. 

Corollary 1.4. For G a simple, connected, d-regular graph with d > 3 which is nonbipartite, 
after expressing uniquely 

0(G) 

K{G) = Zrf, 



with di dividing di+i, one has 

//3(G)-2 

(25) X(line G) ^ 2: 



2ddi 

i=l 



^2d^(G)-i ® ^2d3(G) for \V\ even, 
^4d3(G)-i ® ^d,3(G) for\V\odd. 



Proof. Let K := A' (line G), and fix a prime p. Our goal is to show that the p-primary 
component of K matches that of the group on the right side of (25). 

The hypotheses of the theorem allow one to apply the nonbipartite cases of Theorem 1.2 
and Theorem 1.3. The former asserts that 

{0 for p odd, 
Z2 forp-2,|F| even, 
Z4 for p = 2, |F| odd, 

while the latter gives an exact sequence 

(27) ^ © Zged(2,d) A'(sd G) ^ Zg,d(2.d) ^ 0. 
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In analyzing the p-primary component Sylp(A'), it is convenient to define the type of a 
finite abelian p-group A as the unique integer partition v = {i>i > V2 > ■ ■ ■) for which 
A = ®j>i Zpi-i . Let /i, A denote the types of Sy\p{K{G)), Sylp(A'), where we think of both 
fi, A as partitions with (3{G) parts (ahowing some parts to be 0). Note that Proposition 3.2 
asserts, in this language, that Sylp(ii'(sd G)) has type for p odd and type p + (1^'*^)) for 
p = 2. 

A basic fact from the theory of Hall polynomials [14, Chapter II Section 9] says that 
there exist short exact sequences of abelian p-groups 

in which A, B, C have types v, A, respectively, if and only if the Littlewood-Richardson 
(or LR) coefficient ^ does not vanish. The combinatorial rephrasing of this LR-condition 
is as follows: There must exist at least one column- strict tableau (which we will call an LR 
tableau) of the skew-shape A//U having content v, for which the word obtained by reading 
the tableau (in English notation) from right-to-left in each row, starting with the top row, is 
Yamanouchi. Here the Yamanouchi condition means that within each initial segment of the 
word, and for each value i > 1, the number of occurrences of i -|- 1 is at most the number of 
occurrences of i. See [14, Chapter I §9] and [17, Appendix §A1.3] for more on these notions. 

Suppose that p is odd. Then k{p) is the largest power such that p''^^^ divides d, so taking 
the p-primary components in (27), we obtain the following short exact sequence: 

(28) 0^ Z^^ifJ-' ^SylpA-^Sylp(A-(sdG))^0 

type iy=(fc(p)'9«3)-2) typo A type ^ 

where A has at most /3(G) — 2 nonzero parts by (26). Since nonvanishing of the LR-coefficient 
c^^ forces fi C X, it must be that /x also has at most /3(G) — 2 nonzero parts. Furthermore, 
one can check that column-strictness together with the Yamanouchi condition on the reading 
word of an LR-tableau of shape X/fi and content v ~ {k{pY^'^^~'^) uniquely determine the 
tableau: It must have each entry in row i equal to i for i — 1,2,..., /3(G) — 2. This forces 
Xi = pLi-\- k{p) for i = 1,2,..., /3(G) — 2, and hence A agrees with the type of the p-primary 
component on the right side of (25). 

Suppose that p = 2, so that 2''^p'>-'^ divides d, but 2''^p'> does not. 

When d is odd we have that k{p) = 1. On the other hand, taking the 2-primary compo- 
nents in (27) shows that Syl2is: ^ Syl2(Ar(sd G)), so X ^ ^ + (l'^^^)). Since d is odd, \V\ 
must be even (as the c?-regularity of G forces d\V\ = 2|i?|), so this A again agrees with the 
type of the 2-primary component on the right side of (25). 

If d is even, the 2-primary components in (27) form the following exact sequence 

(29) 0^ Z^Xti®^2 Syl^K — > Syl2(A-(sd G)) A Z2 ^ 0. 

typo iy=((/c(p)-l)'3(G)-2 1) typo A typo 

This can be truncated to the following short exact sequence involving kerTr: 

(30) Z^JfJ-^ © Z2 

typo I/=(fc(p)-l)/3(G)- 

for some partition fl, and where the last two parts (A^((3)_i, A^(g)) in A are either (1, 1) or 
(2, 0) by (26), depending on the parity of \V\. 
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The short exact sequence 

^ kerTT ^ Syl2iKisdG)) ^ Z2 ^ 

shows that fi is obtained from ^ + (l*^'^^) by removing one square; we claim that fi can 
have at most /3(G) — 1 nonzero parts, and hence this square must be removed from the last 
row, that is, /* = /! + (l'^'^'^^"^, 0). The reason for this claim is that, since the LR-coefhcient 
7^ 0, the LR-condition forces 



j>^(G)-l i>l3(G)-l i>^(G)-l 

As X]i>^(G)-i -^i = 2 in both cases for the parity of \V\, and X]i>/3(G)-i ^» ~ ^^^^ forces 
Si>/3(G)-iA» — This implies fl can have at most /3(G) — 1 nonzero parts, as claimed. 

Once one knows fi takes this form, and since (26) fixes the shape of A in its last two 
rows /3(G) — 1, /3(G), any LR-tableau of shape X/fj, and content = {k{p) ~ l)^*^*^)"^, 1) is 
completely determined by column-strictness and the Yamanouchi condition: It must have 
its unique entry equal to /3(G) — 1 lying in the unique of cell of A//i within the last two 
rows, while all of its entries in row i are all equal to z for i = 1, 2, . . . , /3(G) — 2. This again 
forces Ai = + fc(p) for i = 1, 2, . . . , /3(G) — 2, and means that A again matches the type of 
the 2-primary component on the right side of (25). □ 

Remark 7.1. In light of what Corollary 1.4 says about K := X(line G) for nonbipartite 
regular graphs, one might wonder what can be deduced for bipartite regular graphs using 
Theorems 1.2 and 1.3. We discuss this briefly here. 

Fixing a prime p, define k to be the largest exponent such that p'' divides d, and let 
Sylp(i<'(G)) have type /x. Then the p-primary components in the bipartite case of Theo- 
rem 1.3 form the following exact sequence: 



(31) 0^ Zff^)-^ —^SylpK^ Sylp(X(sdG)) ^ Z^. ^0 



typo i/=(fc''(<3)-i) type A ftypon type (A;) 

\type n + (I'^C)) ifp = 2 

As a consequence, Sy\p{K) wiU be uniquely determined by Sylp(ii'(G)) whenever p does 
not divide d, since then fc = and (31) shows Sylp(A') = Sylp(-fir(sd G)) in this case. 
However, in general, the structures of ker(7r) and of Sylp(i^) seem less clear. Even using the 

extra information from Theorem 1.2 that Kjp^^P^K = ^pfc^^"* ^ ffi ^gcd(p'=.|V'|)> where k{p) is 
the largest power such that ^'""(p) divides 2(i, along with the LR-rule, the structures of the 
various terms in the sequence arc not uniquely determined. 

Question 7.2. When G is a simple, bipartite, regular graph, what more can be said about 
the structure oi K := i4r(line G) in relation to that of K{G)1 

8. Proof of Theorem 1.5 

Let G = {V, E) be a scmircgular bipartite graph with vertex bipartition V — V1UV2, such 
that vertices in Vi have degree di. In this section we prove our analogue of Theorem 1.3 
for semiregular graphs. Recall that this is motivated by Cvetkovic's formula (3) for the 
spanning tree number of line G: 
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We recall here the statement of Theorem 1.5. 

Theorem 1.5. Let G be a connected bipartite [di, d2)-semiregular graph G. Then there is 
a group homomorphism 

K{Yme G) A K(G) 
whose kernel- cokernel exact sequence 

(32) ^ kcr(.g) ^ A'(lmc G) 4 K{G) cokcr(5) ^ 

has 

• cokcr((7) all lcni{di, d2)-to7^sion, and 

• ker(g) all -^^^^^^f^\cm{di, d2) -torsion. 

The proof of this result is analogous to that of Theorem 1.3; for this reason, some proofs 
here are either abbreviated or only sketched. Note also that this theorem is less precise than 
Theorem 1.3, partly out of necessity: Examples 8.6 and 8.7 below show that the morphism 
g : K{\me G) — ?► K{G) appearing in the theorem is nearly surjective in some cases, but is 
the zero morphism in some other cases! 

8.1. Defining the morphism g. Wc define g similarly to the map / from Definition 6.1. 
Let 

A := lciTi{di, d2) 
7 ;= gcd(di,d2). 

As a notational convenience, denote typical vertices in Vi (respectively, V2) by a's (respec- 
tively, 6's) with subscripts or primes. 

Definition 8.1. For a semiregular bipartite graph G, let g : M-^""<= <3 R^"^ be defined 
M-linearly by 

g{ab,ba')^^{{a,b) + {b,a')) 

0.2 

g{ba,ab') = ^{{b,a) + (a,b')). 
di 

Equivalently, the adjoint map 17* is defined by 

9\a,b)^^ {bia,ab) + ^ ^ {ab,baj), 

where N{v) denotes the set of vertices adjacent to v in G. 

Remark 8.2. In the special case when G is not only semiregular bipartite, but actually 
regular, so di = ^2 = A = 7, one can easily check that the map g coincides with the 
composite map ho f 

]j£li„o G RiJ^dG Jl^ RBg 

where / is the map from Theorem 1.3 defined in Definition 6.1, and h was defined in 
Example 3.3. 

Proposition 8.3. If G is a semiregular bipartite graph, then g : Z^""" —5- Z^"^ is a 
morphism of the associated rational orthgonal decompositions, and hence induces a group 
homomorphism g : i4r(line G) — ?> K{G). 
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Proof. By Lemma 6.3 (ii), it is enough to show that g takes global and local cycles in 2^iinc g 
to cycles in Zq, and that takes cycles in Zq to cycles in Zn^^c g- 

First, one can check that g maps all local cyles to 0. Each global cycle is by definition of 
the form z(line C) where C is a directed cycle of G, and one checks that 

,(.(lineC))^(A + ^),(C). 

On the other hand, one checks that (7*(z(C)) can be rewritten as a sum of A cycles Q in 
^linc Gi each Q being twice the length of C, and in which every other vertex on Q corresponds 
to an edge occurring in C. □ 

8.2. Analyzing its kernel and cokernel. 

Proposition 8.4. The map 

g*g : i5:(line G) -> K{\me G) 
coincides with scalar multiplication by Consequently, ker((7) is ^^^^^^\-torsion. 

Proof. For any edge a6, ha' in E'linc d use the definitions of g and g* to write 

A^ 

g^g{ah,ba) ^ {ha,ab) + -^ ^ (ab^baj) 

(33) ^ ^ 

ajeAr(6) ^ bfceAf(a') 

For the first and fourth term, one has 

E {bia.ab)^ ^ (a&, ^aj) mod Bunc g 

E {ba',a'bk)= ^ (oj^, ^a') mod Bunc g- 

bk&N{a') aj£N{b) 

Substituting these expressions into equation (33), grouping like terms, and using the identity 
did2 = A7 gives 

g*g{ab, ba') = ' 1~ \ E ("^' '"^•j) E ("^-J'^' ^"^'^ ) ^"'^ 

^ \aj6JV(b) ajeJV(b) / 

which then can be rewritten, using the ^2 triangular cycles 

{ah, buj) + {ujh, ba') + (a'6, ba) G Zune g, 

as 

g*g{ah, ba') = (^1 + ^^2) A ^^^^^^^^ ^^/-^-j ^^^^^^ ^^.^^ ^ _|_ ^^.^^ ^ 

7 «2 

= -^-i—- ^A(a6, foa') mod Bii„c g + ^lino g- □ 

7 

Remark 8.5. As in Proposition 6.5, one can show that the other map gg* : K{G) — !• K{G) 
also coincides with the scalar multiplication by ^i+ik^^ and hence that coker(g) is also 

di+d 



-A-torsion. However, we omit this proof, since we are about to show the stronger 



7 

assertion that coker(5) is A-torsion. 
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Proof of Theorem 1.5. In light of Proposition 8.4, it only remains to show that coker(g) is 
A-torsion. Given any edge ab G Eq, one has 

A(a, b) — A(a, b) + — (6, aj) mod Bq 

ajeN(b) 

= y (a, 6) + (b, Oj) mod Bq 

ajeN(b) 

= 5 j y^ {ab,baj) mod Bq. 

Consequently A(a, b) lies in im((7) + i?(3, so it is zero in coker(g) := Z^^/ (im((7) + + Zq). 
□ 



Unlike the map / from Section 6, it is hard to be much more precise about the exact 
nature of cokernel and kernel of g. The following two families of examples demonstrate two 
extremes of behavior for how tightly or loosely the map g ties together if (line G) and K{G) 
for semiregular bipartite graphs G. 

Example 8.6. Assume G is not only bipartite semiregular, but actually d-regular (i.e., 
di = d2 = d). Then g : ii'(line G) K{G) is nearly surjective, in the sense that coker((;) is 
a quotient of Z^. To see this, recall from Remark 8.2 that in this case, g = ho f where h, f 
were defined in Example 3.3 and Definition 6.1. Since h : K{sdG) K{G) is surjective, it 
induces a surjection 

coker(/) K{&d G) /im(/) — > K(G) /im(/i o /) =: cokcr(g). 

But Theorem 1.3 says that coker(/) = Z^; in this situation. 

Example 8.7. For the complete bipartite graph G = Kni,n2, the structures of the critical 
groups of G and line G have been determined through manipulations of their Laplacian 
matrices (see Lorenzini [13] and Berget [3], respectively): 

i4r(line Kn^,n2) = Ki\(ni+n2) ® ^"2(«l+ri2) ® ^rn+ni^"'' '^^'^^ ' 

In principle, the structures of these groups allow nonzero honiomorphisms between them 
for all values of ni,n2. However, we claim that whenever 7 = gcd(ni,n2) = 1, the map 
if (line G) A K{G) will be the zero morphism. In this case, keT{g) = if (line G) and 
coker(g) = K{G). 

To see this claim, let {ab, ba') be a fixed edge in Eunc g- Note that 

A = did2 = nin2, 

di = 712, ^2 = '^i- 

Then for each bj e ¥2, one has 

— {g{ab, ba') + g{a'bj, bja)) ^ ab + ba' + a'bj + bja e Zg- 
"1 
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On the other hand, 

J~ (diab, ba) + g{abj,bja)) = g{ab, ba) + ^ ^^("'^-J + ^-j") 

= g(ab,ba') + a'bj + &ja 

bjeV2 bjeV2 
= g(a6, fea') mod Bq. 

Combining these two statements gives us g{ab, ba') = mod Zq + Bq. By symmetry, one 
also has g{ba, ab') = mod Zq + Bq. It follows that g is the zero morphism. 

Remark 8.8. Note that Theorem 1.2 provides convenient information about Sy\p{K) for 
K := ^^^(line G) when G is (di, (i2)-semiregular: If k{p) denotes the largest power p^'^P^ 
dividing di + d2, then 



(34) ^ ZJIS"' © Zgcd(pM.,,|y|). 

However, even in conjunction with Theorem 1.5, this does not appear to determine the 
structure of i<'(line G) uniquely in terms of the structure of K{G). Thus we are led to the 
following generalization of Question 7.2: 

Question 8.9. When G is a simple, semiregular bipartite graph, what more can be said 
about the structure of K := KiVme G) in relation to that of K{G)1 

9. Examples 

9.1. The complete graph /v„. Proposition 3.3 can be rephrased as asserting that 

where /3 := f3(Kn) = ("2^)- Since Kn is nonbipartite for n > 3, and contains an even length 
cycle for n > 4, Corollary 1.4 immediately implies the following: 

Corollary 9.1. Forn > 4, the line graph line Kn of the critical group of the complete graph 
Kn has the form 

K{\me Ki) ^ Z24 ® Zg ® Z2 

„„ 9 Z9 for even n > 5, 

I n) 2(„-i)»^ 2(„-i)^|^^ for odd n> 5. 

9.2. The complete bipartite graph i^„j^ n^. As mentioned in Example 8.7, the criti- 
cal groups of the complete bipartite graph iC„i,„2 ^-^d its line graph line -fsTm.na have the 
following forms: 

if (line Kn, n2) - Z"V\ ^ ® Z"V\ , © zi"V:'^("'"'^^' 

V ui,/i2/ ni(ni+n2) n2(ni+n2) ni+n2 

(see Lorenzini [1.!] and Berget [3], respectively). 

In addition. Example 8.7 showed that the map g in the exact sequence in Theorem 1.5 is 
sometimes the zero morphism and hence is not always useful for determining the structure of 
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_?sr(line i^nj^^n^)- Even in the special case when ni = 712 = n (so A'(hne Kn,n) is n-regular) 
the exact sequence 

^ © Z„ K{\ine Kn,n) — 

from Theorem 1.3 does not determine a priori Berget's formula for _R'(line Kn.n)- 
However, we note that at least Theorem 1.2 does predict that the expression 

P 

if (line Kni.n^) = ^^e, where 13 := /3(/f„i,„J = (rii - l){n2 - 1) 

should have \V\ = ni + n2 dividing every one of the factors e^. This follows from equa- 
tion (34), since Kni,n-2 is bipartite (?t.i, ?T.2)-semiregular. Hence for each prime p, one has 



where fc(p) is the largest power such that p'^(p) divides ni + 712. Hence K/{ni + n2)A' = 

^ni+n2- 

9.3. The d-dimensional cube. Denote by Gd-cubc the graph of vertices and edges in the 
d-dimensional cube, that is, Gd-cube = {V^ E) in which V is the set of all binary strings of 
length d, and E has an edge between any two such strings that differ in exactly one binary 
digit. This is a d-regular bipartite graph, having 

/3:=/3(Gd-cubc) = (d-2)2'^-i + l. 

One knows its spanning tree number (see, e.g., [17, Example 5.6.10]): 

«:(Gd.cubc) = Yd ri(2fc)(') = ri 

k=l k=2 

Correspondingly, work of H. Bai [2] computes its critical group structure away from the 
prime 2: For odd primes p, one has 



Sylp(/i(Gd.cubc)) = SylJ0Z 



it) 

k 

k=2 



Unfortunately, Syl2 (if (Gd-cubc)) is a 2-group that is still not known for all d. 

Consequently, Proposition 3.2 shows that K(sd (Gd-cubc)) has the same p-primary struc- 
ture as if (Gd-cubc) for odd primes p, and Theorem 1.3 gives the following exact sequence 
for every odd prime p: 

(35) ^ Sylp(Z^-i) ^ Sylp(if (line Gd-cubc)) ^ Syl^ Z^ j ^ Z^ ^ 0. 

This is particularly effective when d itself is prime since then Syl^ ( ®k=2 ^k''^ ) = a-^^d 



the exact sequence (35) implies that for odd primes p, 
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Meanwhile Syl2(ii'(line Gd-cubc)) = Syl2(-Rr(sd (Gd-cubc))) is unknown, but by Proposi- 
tion 3.2, is completely determined by the unknown 2-group Syl2(-fC(Gd-cubc))- 

9.4. The Platonic solids. One source of regular graphs are the 1-skeleta (= graph of 
vertices and edges) of the Platonic solids. There are certain features that apply to any graph 
Gp which is the 1-skeleton of a 3-dimensional polyhedron P, and hence to any Platonic solid: 

• Because the cycles surrounding the (polygonal) faces of P generate the cycle lattice 
Z , the graph Gp is bipartite if and only if each face of P is an even n-gon. 

• Furthermore, the cycles that bound all but one face of P form a basis for Z, so that 
P{Gp) is always one less than the number of faces. 

• Such graphs Gp arc always 2-edgc-conncctcd, so that Theorem 1.1 always applies. 

• Dual polyhedra P, P* have Gp,Gp* dual as planar graphs. This identifies the lattice 
of bonds for one with the lattice of cycles for the other, and implies that their critical 
groups K{Gp), K{Gp^,) are isomorphic; see also [(!]. 

9.4.1. The tetrahedron. The tetrahedron has 1-skeleton Gtctra ~ K^, and hence implicitly 
was discussed already in Section 9.1 on Kn, as the special case n = 4. 

9.4.2. The cube and octahedron. The cube and the octahedron are dual polyhedra. Either 
by direct computer calculation, or by noting Gocta — hue and applying Corollary 9.1 
with n = 4, one finds that 

if(Gcubo) = A'(Gocta) = Z2 © Zg © Z24 
= Z2®Z2©Z3. 

SinC6 Gocta 

is 4-regular and nonbipartite with /3(Gocta) = 7, Corollary 1.4 then implies 

X(line Gocta) = © © Zig © Iqa © Ziga. 

For Gcubo- which has /3(Gcube) = 5, the results of Section 9.3 apply, and are particularly 
effective because d = 3 is prime. They show that Sy\p{Ki\mc Gd-cubc)) vanishes except for 
p = 2, 3, with 

Syl3(X(line Gd-cubc)) = Z^ 

Syl2(X(line Gd-cubc)) = Syl2(A'(sd (Gd-cubc))) = Z^ © Z4 © Z^g. 

Hgiicg 

K{\me Gcubc) Z^ © Z4 © Z?g © Z^ 
= Z2 ©Ze ©Z12 ©Z^8- 

9.4.3. The dodecahedron and icosahedron. The dodecahedron and icosahedron are dual poly- 
hedra, both of whose graphs are nonbipartite. Computer calculation shows that 

A"(Gdodcca) = A'(Gicosa) Z2 © Z12 © Z^q 

= Z2©Z4©Z4©Z3. 

Since Gdodcca is 5-regular with /3(Gdodcca) = 11, one concludes from Corollary 1.4 that 
K{\mc Gdodcca) = Z2 © Z^ © Zi2 © Z72 © Zleo 

— Z2 © Z4 © Zg © Z3 © Zg © Zr^ . 

Since Gicosa is 3-regular with /3(Gicosa) = 19, one concludes from Corollary 1.4 that 
A:(line Gicosa) = Z^ © Zjg © Z20 © Z120 © Z^^q 
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